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Lassi Päivärinta, Mikko Salo and Esa V. Vesalainen

1 Introduction 58
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
1.2 Non-scattering energies . . . . . . . . . . . . . . . . . . . . . 59
1.3 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
1.4 Structure of argument . . . . . . . . . . . . . . . . . . . . . . 62
Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

2 Short range scattering 64
2.1 Function spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 65
2.2 Scattering solutions . . . . . . . . . . . . . . . . . . . . . . . . 65
2.3 Asymptotics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
2.4 Orthogonality identities . . . . . . . . . . . . . . . . . . . . . 67

3 Complex geometrical optics solutions 68

4 Reduction to Laplace transform 77

5 The two-dimensional case 81

6 The three-dimensional case 83

References 87



Abstract

In this thesis, we extend the theory of non-scattering energies on two fronts.
First, we shall consider the discreteness of non-scattering energies correspond-
ing to non-compactly supported potentials using the approach via transmission
eigenvalues and fourth-order operators. The method requires the support of the
potential to exhibit certain compact Sobolev embedding and to be contained
in a half-space and the potential to have controlled polynomial or exponential
decay at infinity. Also, in order to connect the non-scattering energies to the
fourth-order operators, a generalization of the classical Rellich theorem to un-
bounded domains is required. This is of independent interest, and we obtain
several such results, including a discrete analogue.

Our second contribution (joint work with L. Päivärinta and M. Salo) is
extending a recent result on non-existence of non-scattering energies for poten-
tials with rectangular corners to arbitrary corners of angle smaller than π in
two dimensions, and to prove in three dimensions that the set of strictly convex
circular conical corners for which non-scattering energies might exist is at most
countable.

This thesis consists of the papers

I. Vesalainen, E. V.: Transmission eigenvalues for non-compactly sup-
ported potentials, Inverse Problems, 29 (2013), 104006, 1–11.

II. Vesalainen, E. V.: Rellich type theorems for unbounded domains, to
appear in Inverse Problems and Imaging. Preprint available at arXiv:1401.
4531 [math.AP].

III. Päivärinta, L., M. Salo, and E. V. Vesalainen: Strictly convex cor-
ners scatter, submitted. Preprint available at arXiv:1404.2513 [math.AP].

The author of this thesis had an equal role in the research and writing of the
joint article.
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Introduction

1 Scattering and non-scattering energies

1.1 Scattering theory

Our objects of study arise from scattering theory. More precisely, time inde-
pendent scattering theory for short-range potentials, which models e.g. two-
body quantum scattering, acoustic scattering, and some classical electromag-
netic scattering situations (for a general reference, see e.g. [10]). Here one is
concerned with the situation where, at a fixed energy or wavenumber λ ∈ R+,
an incoming wave w, which is a solution to the free equation

(−∆− λ)w = 0,

is scattered by some perturbation of the flat homogeneous background. Here
this perturbation will be modeled by a real-valued function V in Rn having
enough decay at infinity. The total wave v, which models the “actual” wave,
then solves the perturbed equation

(−∆+ V − λ) v = 0.

In acoustic and electromagnetic scattering, one has λV instead of V . Of course,
the two waves v and w must be linked together and the connection is given by
the Sommerfeld radiation condition. The upshot will be that the difference u
of v and w, the so-called scattered wave, will have an asymptotic expansion of
the shape

u(x) = v(x)− w(x) = A

(
x

|x|

)
ei

√
λ|x|

|x|(n−1)/2
+ error,
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where A depends on λ and w, and where the error term decays more rapidly than
the main term. The point here is that in the main term the dependences on the
radial and angular variables are neatly separated, and in practical applications
one usually measures the scattering amplitude or far-field pattern A, or its
absolute value |A|.

1.2 Non-scattering energies

It is a natural question whether we can have A ≡ 0 for some w 6≡ 0? This would
mean that the main term of the scattered wave vanishes at infinity, meaning
that the perturbation, for the special incident wave in question, is not seen far
away. Values of λ ∈ R+ for which such an incident wave w exist, are called
non-scattering energies (or appropriately, wavenumbers) of V .

Of course, the functions u, v and w will be from some specific function spaces.
To be precise, λ ∈ R+ is a non-scattering energy for a short-range potential V
if there exist non-zero functions v, w ∈ B∗

2 solving the equations

{
(−∆+ V − λ) v = 0,
(−∆− λ)w = 0,

in Rn, and having the same asymptotic behaviour at infinity in the sense that
u = v − w ∈ B̊∗

2 . Here

B∗
2 =

{
u ∈ B∗ ∣∣ ∂αu ∈ B∗ for multi-indices α with |α| 6 2

}
,

and similarly

B̊∗
2 =

{
u ∈ B̊∗

2

∣∣ ∂αu ∈ B̊∗
2 for multi-indices α with |α| 6 2

}
,

where B∗ and B̊∗ are the Agmon–Hörmander spaces

B∗ =

{
u ∈ L2

loc(R
n)

∣∣∣∣∣ supR>1

1

R

∫

B(0,R)

|u|2 <∞
}

and

B̊∗ =

{
u ∈ B∗

∣∣∣∣∣ lim
R−→∞

1

R

∫

B(0,R)

|u|2 = 0

}
.

A function V ∈ L2
loc(R

n) is a short-range potential for instance when V (·) ≪
〈·〉−α in Rn for some α ∈ ]1,∞[. For a presentation of short-range scattering
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theory in terms of the Agmon–Hörmander spaces, see e.g. Chapter XIV of [18]
and the first sections of [30]. Also, the articles [3] and [4] are recommended.

Results on the existence of non-scattering energies are scarce. Essentially
only two general results are known: For compactly supported radial potentials
the set of non-scattering energies is an infinite discrete set accumulating at in-
finity [11], and for compactly supported potentials with rectangular corners,
Bl̊asten, Päivärinta and Sylvester recently proved that the set of non-scattering
energies is empty [5]. In addition to these, the many results on the discrete-
ness of transmission eigenvalues for various compactly supported potentials also
imply the discreteness of non-scattering energies for some of the corresponding
potentials. It is not yet known if non-scattering energies can exist for non-radial
potentials.

We would like to mention the related topic of transparent potentials: there
one considers (at a fixed energy) potentials for which A vanishes for all w. The
knowledge of transparent potentials is more extensive. In particular, several con-
structions of such radial potentials have been given, see e.g. the works of Regge
[31], Newton [28], Sabatier [35], Grinevich and Manakov [13], and Grinevich and
Novikov [14].

2 Discreteness via fourth-order operators

2.1 The compactly supported story

Discreteness of the set of non-scattering energies tends to be a much more
attainable goal than knowledge of existence or non-existence. The first key step
towards that goal (for compactly supported V ) is supplied by Rellich’s classical
uniqueness theorem which is the following:

Theorem 1. Let u ∈ B̊∗
2 solve the equation (−∆− λ)u = f , where λ ∈ R+

and f ∈ L2(Rn) is compactly supported. Then u also is compactly supported.

This was first proved (though with a bit different decay condition) indepen-
dently by Rellich [32] and Vekua [43] in 1943. Of the succeeding work, which
includes generalizations of this result to more general constant coefficient dif-
ferential operators, we would like to mention the work of Trèves [41], Littman
[24, 25, 26], Murata [27] and Hörmander [17]. Section 8 of [16] is also interesting.

Now, assume that V is compactly supported. The equations for v and w
imply that the scattered wave u solves the equation

(−∆− λ)u = −V v.

5



If furthermore A ≡ 0, then u will satisfy the decay condition in Theorem 1, and
so u = v−w will vanish outside a compact set. If the support of V is essentially
contained in some suitable open domain Ω, the unique continuation principle
for the free Helmholtz equation allows us to conclude that actually





(−∆+ V − λ) v = 0 in Ω,
(−∆− λ)w = 0 in Ω,
v − w ∈ H2

0 (Ω).

This system, called the interior transmission problem, is a non-self-adjoint eigen-
value problem for λ, and the values of λ, for which this system has non-trivial
L2-solutions, are called (interior) transmission eigenvalues.

The non-scattering energies and transmission eigenvalues first appeared in
the papers of Colton and Monk [11] and Kirsch [22]. In [9] Colton, Kirsch
and Päivärinta proved the discreteness of transmission eigenvalues (and non-
scattering energies) for potentials that may even be mildly degenerate. The
early papers on the topic also considered, among other things, radial potentials;
for more on this, we refer to the article of Colton, Päivärinta and Sylvester [12].

In recent years, there has been a surge of interest in the topic starting with
the general existence results of Päivärinta and Sylvester [30], who established
existence of transmission eigenvalues for a large class of potentials, and Cakoni,
Gintides and Haddar [6], who established for acoustic scattering, that actually
the set of transmission eigenvalues must be infinite.

For potentials more general than the radial ones, a very common approach
to proving discreteness and other properties has been via quadratic forms: the
scattered wave solves the fourth-order equation

(−∆+ V − λ)
1

V
(−∆− λ)u = 0,

and this can be handled nicely with quadratic forms (or with variational formu-
lations) and analytic perturbation theory. We shall discuss this in more detail
below.

Recently, other more general approaches, not involving the fourth-order
equation, to proving discreteness and many other results have been introduced
by Sylvester [39], Robbiano [33], and Lakshtanov and Vainberg [23].

For more information on transmission eigenvalues, we recommend the survey
of Cakoni and Haddar [7] and their editorial [8] as well as the articles mentioned
there and their references.
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2.2 Non-compactly supported potentials

Most of the work on non-scattering energies and transmission eigenvalues deals
with compactly supported potentials V . However, the basic short-range scat-
tering theory only requires V to have enough decay at infinity, essentially some-
thing like V (x) ≪ 〈x〉−1−ε

. Thus, it makes perfect sense to study non-scattering
energies for non-compactly supported potentials.

In [44, 45] we take first steps into the direction of non-compact supports
by considering non-scattering energies and transmission eigenvalues for non-
compact Ω which are nearly compact in the sense that they have a suitable
compact Sobolev embedding, and for potentials V taking only positive real val-
ues and having a certain kind of controlled asymptotic behaviour. For these
potentials, we prove the basic discreteness result using the approach via fourth-
order operators described above. The more usual case of bounded Ω with a
positive real-valued potential, which is bounded and bounded away from zero,
is covered as a special case. The potential V may decay polynomially or expo-
nentially fast at infinity. The latter case is simpler, and in the following we shall
focus on it. The precise statement of the result is the following.

Theorem 2. Let V ∈ L∞(Rn) take only nonnegative real values, and let Ω ⊆
Rn−1×R+ be a non-empty open set for which the Sobolev embeddingH2

0 (Ω) −→
L2(Ω) is compact. Assume the following:

I. V (·) ≍ e−γ0〈·〉 in Ω for some γ0 ∈ R+ with γ0 ≪n 1, and V vanishes in
Rn \ Ω.

II. The complement of Ω in Rn has a connected interior and is the closure of
the interior.

Then the set of non-scattering energies for V is a discrete subset of [0,∞[ and
each of them is of finite multiplicity.

Here the purpose of the condition II is the following: we first prove that the
scattered wave u corresponding to a hypothetical non-scattering energy must
vanish in the lower half-space. Then the condition II allows us to use the unique
continuation principle for the Helmholtz equation to conclude that u vanishes
in Rn \ Ω.

The condition on the compact embedding H2
0 (Ω) −→ L2(Ω) is satisfied for

n 6 3 if and only if the domain Ω does not contain an infinite sequence of
pairwise disjoint congruence balls (see e.g. [1] or Chapter 6 in [2]). For n > 4
the situation is more complicated.
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2.3 Rellich type theorems for unbounded domains

Already for the first step, that of reducing the equations which hold in Rn to
equations in the support of the potential, the Rellich type theorem, Theorem 1,
must be generalized. In [45] we give two results of this kind: the first is for
exponentially decaying inhomogeneities, the second is for polynomially decay-
ing potentials but for domains that are not only contained in a half-space but
also grow exponentially thin at infinity. These results are proved with a more
traditional complex variables argument [41, 24, 25, 26, 17].

We sketch the proof for the case of exponential decay. The result is as
follows.

Theorem 3. Let u ∈ B̊∗
2 solve

(−∆− λ)u = f,

where λ ∈ R+ and f ∈ e−γ0〈·〉L2(Rn) for some γ0 ∈ R+, and suppose that f
vanishes in Rn−1 × R−. Then also u vanishes in Rn−1 × R−.

The fundamental idea is to take Fourier transforms, leading to

(p− λ) û = f̂ ,

where p(ξ) = 4π2ξ2, which holds in Rn. From basic scattering theory, we know

that f̂ vanishes on the real sphere

MR

λ =
{
ξ ∈ R

n
∣∣ p(ξ) = λ

}
.

Also, the Fourier transform f̂ extends to an analytic function in

D =
{
ζ ∈ C

n
∣∣ |ℑζ| < γ0

}
.

From this, it follows, by flattening the spheres MR

λ and MC

λ locally, that f̂
vanishes on the intersection D ∩MC

λ , where M
C

λ is the complex sphere

MC

λ =
{
ζ ∈ C

n
∣∣ p(ζ) = λ

}
,

and furthermore, f̂/(p− λ) extends to an analytic function in D.
Next, fix a point ξ′ ∈ Rn−1 with |ξ′| <

√
λ/2π, and write for simplicity q(·)

for p(ξ′, ·). Now the expression q(·)− λ has only two simple zeros ±µ.
Since f vanishes in Rn−1 × R−, the Fourier transform F ′f(ξ′, ·) vanishes in

R−, so that the classical half-line Paley–Wiener theorem (see e.g. Thm. 19.2 in
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[34]), f̂ has an analytic extension in the last variable to R× i ]−∞, γ0[, and

∞∫

−∞

∣∣f̂(ξ′, ξn − iη)
∣∣2 dξn ≪

∞∫

−∞

∣∣f̂(ξ′, ξn)
∣∣2 dξn <∞

for η ∈ R−. Since 1/(q − λ) vanishes at infinity uniformly, and since the zeros
of F ′f(ξ′, ·) at ±µ cancel the simple poles of 1/(q − λ), also

∞∫

−∞

∣∣û(ξ′, ξn − iη)
∣∣2 dξn

is uniformly bounded by some constant not depending on η ∈ R−.
Now the one-dimensional half-line Paley–Wiener theorem says that

F ′u(ξ′, xn) = F−1
n û(ξ′, xn) = 0

for all ξ′ near the origin and all xn ∈ R−. Since F ′u is analytic with respect
of the first n − 1 variables, F ′u(ξ′, xn) = 0 for all ξ′ ∈ Rn−1 and all xn ∈ R−.
Finally, taking inverse Fourier transform gives the conclusion that u vanishes in
Rn−1 × R−.

2.4 Some spin-offs of generalizing the Rellich type theorem

Studying the problem of generalizing the Rellich theorem lead to two other inter-
esting things not directly relevant to non-scattering energies. First, we proved a
generalized Rellich type theorem where instead of a compactly supported inho-
mogeneity f , we consider f that is superexponentially decaying and vanishes in
a half-space. The conclusion will then again be that the solution u also vanishes
in the same half-space. The interesting novelty is that we give a new kind of
proof for this result based on real variable techniques, first deriving a Carleman
estimate weighted exponentially in one direction from an estimate of Sylvester
and Uhlmann [40] and then arguing immediately from it.

As a second aside, and to provide a point of comparison, we present a gener-
alization of the discrete Rellich type theorem of Isozaki and Morioka. A theorem
analogous to Theorem 1 also exists for the discrete Laplacian (defined precisely
in the paper [45]):

Theorem 4. Let u : Zn −→ C be a solution to (−∆disc − λ)u = f , where

1

R

∑

ξ∈Zn,|ξ|6R
|u(ξ)|2 −→ 0,

9



as R −→ ∞, and f ∈ ℓ2(Zn) is non-zero only at finitely many points of Zn, and
λ ∈ ]0, n[. Then u also is non-zero only at finitely many points of Zn.

This theorem was proved recently by Isozaki and Morioka [19]. A less general
version of the result was implicit in the work of Shaban and Vainberg [38].

It turns out that for superexponentially decaying potentials, one gets a much
stronger result than in the continuous case: we not only can consider vanishing
in half-spaces but vanishing in suitable cones. The proof depends heavily on
the arguments in [19] which are first used to show that the solution must be
superexponentially decaying. After this, the Rellich type conclusion follows
from a repeated application of the definition of the discrete Laplacian.

2.5 Fourth-order operators for non-compactly supported potentials

We can now describe the structure of the proof of Theorem 2. So, assume that
λ ∈ R+ is a non-scattering energy corresponding to total and incident waves
v, w ∈ B∗

2 , and scattered wave u = v − w ∈ B̊∗
2 . Since

(−∆− λ)u = −V v,

in Rn, Theorem 3 guarantees that u vanishes in the lower half-space Rn−1×R−
and the condition II of Theorem 2 and the unique continuation principle for the
Helmholtz equation guarantees that u vanishes in Rn \Ω. We therefore end up
with the system {

(−∆+ V − λ) v = 0,
(−∆− λ)w = 0,

which now holds in Ω. Since V is locally bounded away from zero in Ω, we get
for u the fourth-order equation

(−∆+ V − λ)
1

V
(−∆− λ)u = 0,

which again holds in Ω. It turns out that u belongs to a Sobolev space weighted
essentially by V −1/2. I.e. we have u ∈ HV , where

HV =
{
u ∈ LV

∣∣ ∂αu ∈ LV for |α| 6 2
}
,

where in turn

LV =
{
u ∈ L2

loc(Ω)
∣∣ V −1/2 u ∈ L2(Ω)

}
.

We equip LV and HV with the obvious weighted norms.
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We shall modify the situation further: the existence of a non-trivial solution
u ∈ HV to the fourth-order equation is equivalent to the existence of a non-
trivial solution u ∈ HV to Qλ(u) = 0, where Qλ is the quadratic form

Qλ(u) =

∫

Ω

(
−∆+ V − λ

)
u · 1

V
(−∆− λ)u.

This is well-defined for all λ ∈ C and u ∈ HV . We let the domain of Qλ be HV ,
and we consider Qλ as a quadratic form of the Hilbert space LV .

Our manner of using quadratic forms to establish discreteness is a close rela-
tive of the application of quadratic forms to degenerate and singular potentials
in the works of Colton, Kirsch and Päivärinta [9], Serov and Sylvester[37], Serov
[36], and Hickmann [15].

Now, the discreteness will be obtained just by studying the very basic prop-
erties of Qλ. It is not too hard to verify that Qλ is in fact something called an
entire self-adjoint analytic family of quadratic forms of type (a) with compact
resolvent. We recommend Kato’s presentation [20] for the related basic theory.
The key lemma is the weighted estimate

∥∥u
∥∥
HV

≍λ
∥∥(−∆− λ)u

∥∥
LV

+
∥∥u
∥∥
LV
,

true for all u ∈ HV and any λ ∈ R+, which is established using arguments from
Appendix A of [3].

By the theory of quadratic forms and analytic perturbation theory, each Qλ
corresponds to a unique closed operator Tλ of LV and we immediately get certain
excellent properties for Tλ. In particular, for λ ∈ R, the quadratic form Qλ(u)
corresponds to a unique self-adjoint operator Tλ of the Hilbert space LV with
compact resolvent, and the above fourth-order equation has a non-trivial HV -
solution if and only if 0 is an eigenvalue of Tλ. Furthermore, the eigenvalues of
Tλ are given, including multiplicity, by a sequence µ1(λ), µ2(λ), . . . of functions
on R, which depend real-analytically on λ, and when λ is changed by some finite
amount δ, the eigenvalues µℓ(λ) can each change by at most a constant which
is independent of ℓ and only depends on δ (and, naturally, V ).

So, we have established that non-scattering energies lead to zeros of µℓ(λ).
Now the discreteness follows immediately from the observation that Qλ(u) > 0
for all λ ∈ R− and u ∈ HV \ 0, as this means that none of the functions µℓ(λ)
can vanish identically.

11



3 Corner scattering

Our second major topic is generalizing the non-existence of non-scattering ener-
gies to potentials with corners. The first such result only considers rectangular
corners [5].

The novel approach introduced in [5] begins by assuming that a non-scat-
tering energy exists with the intention to derive a contradiction. To illustrate
the ideas, we assume that

{
(−∆+ V − λ) v = 0,
(−∆− λ)w = 0

in R2, where v, w ∈ B∗
2(R

2) and u = v−w ∈ B̊∗
2(R

2). For simplicity, we assume
here that the potential V is assumed to be supported in a closed sector C ⊆ R2

of angle smaller than π with vertex at the origin, and to be, say, smooth in C,
compactly supported, and nonzero at the origin. Our paper [29] discusses more
general situations.

The plan is to study the function w near the origin. As w is real-analytic,
we may expand it as Taylor series in a neighbourhood of the origin, and pick the
lowest degree nonzero terms, which form a harmonic homogeneous polynomial
H(x) 6≡ 0 of degree N > 0. The sought-for contradiction will come in the form
H(x) ≡ 0.

It turns out that ∫

C

V (x)w(x) w̃(x) dx = 0

for any solution w̃ ∈ H2
loc(x) to

(−∆+ V − λ) w̃ = 0

in Rn. A major component of [5] is constructing complex geometrical optics
solutions of the form w̃ = e−ρ·x(1 + ψ(x)) for ρ ∈ Cn with ρ · ρ = 0 and with
ψ satisfying pleasant Lp estimates. In [5], such solutions were constructed in
all dimensions n ≥ 2 but for “polygonal” cones C (that is, the cross-section of
the cone is a polygon). Our three dimensional result is used for circular cones,
and so we base our CGO construction on certain Lp estimates from [21]. This
argument gives sufficient estimates for n ∈ {2, 3}.

Thus, the CGO solutions are obtained here differently, and furthermore for
ρ with ρ · ρ = λ. Substituting these solutions to the the equality involving

∫
C

gives, after some detailed estimations,
∫

C

e−ρ·xH(x) dx≪ |ρ|−N−2−β
,
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for some small β ∈ R+, as |ρ| −→ ∞, and we restrict to ρ such that, say,
ℜρ · x > ε > 0 for all x ∈ C for some fixed ε ∈ R+. On the other hand, by the
homogeneity of H(x), we have

∫

C

e−ρ·xH(x) dx = |ρ|−N−2
∫

C

e−ρ/|ρ|·xH(x) dx,

and this is compatible with the previous estimate only if

∫

C

e−ρ·xH(x) dx = 0

for certain ρ ∈ Cn with ρ · ρ = 0 (as opposed to ρ · ρ = λ).

At this point, our line of reasoning irreversibly departs from that of [5]. The
main novelty in our paper [29] is based on moving here to polar coordinates,
which turns out to reduce the dimension and lead to integrals over C ∩ Sn−1.
In two dimensions, we conclude that

∫

C∩S1

(ρ · ϑ)−N−2H(ϑ) dϑ = 0

for the same ρ as before, and where dϑ is the obvious measure on the unit circle
S1 ⊆ R2.

Since H(x) was harmonic, it must be of the form

a (x1 + ix2)
N
+ b (x1 − ix2)

N

for some constants a and b. Now, choosing ρ suitably, the vanishing of the last
integrals will lead, through some explicit calculations, to a = b = 0, establishing
the desired contradiction.

In three dimensions, the same approach can largely be executed for circular
cones. Now H(x) will be a linear combination of spherical harmonics, and the
vanishing of the coefficients will follow if certain integrals depending on the
angle of the cone do not vanish. However, these integrals do not anymore seem
to allow explicit evaluation. Yet, they depend analytically on the angle, and
we are able to prove that none of them is identically zero, and this is enough
for the conclusion that circular conical corners prohibit non-scattering energies
except possibly for some at most countable set of exceptional angles.
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I. Transmission Eigenvalues for a Class

of Non-Compactly Supported Potentials

Esa V. Vesalainen

Abstract

Let Ω ⊆ R
n be a non-empty open set for which the Sobolev embedding

H2

0 (Ω) −→ L2(Ω) is compact, and let V ∈ L∞(Ω) be a potential taking
only positive real values and satisfying the asymptotics V (·) ≍ 〈·〉−α for
some α ∈ ]3,∞[. We establish the discreteness of the set of real trans-
mission eigenvalues for both Schrödinger and Helmholtz scattering with
these potentials.

1 Introduction

1.1 Non-scattering energies and non-scattering wavenumbers

We shall be concerned with the interior transmission problem for the Schrödinger
and Helmholtz equations. Inverse scattering theory, and the study of the linear
sampling method and the factorization method in particular, gives rise to the
study of non-scattering energies. These are energies λ ∈ R+ for which there
exists a non-zero incoming wave which does not scatter in the sense that the
corresponding scattered wave has a vanishing main term in its asymptotic ex-
pansion. In the case of the Schrödinger equation with a short-range potential
V ∈ L2

loc(R
n) this ultimately means that the system

{
(−∆+ V − λ) v = 0,
(−∆− λ)w = 0

has a solution v, w ∈ B∗
2 \ 0 where the two functions are connected by the

asymptotic condition v − w ∈ B̊∗
2 . The Helmholtz case is otherwise the same,

except that the perturbed equation for v is

(−∆+ λV − λ) v = 0,

and the term non-scattering wavenumber is more appropriate.
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Here the solutions are taken from the function spaces

B∗
2 =

{
u ∈ B∗

∣∣∣ ∂γu ∈ B∗, ∀ |γ| 6 2
}
,

and

B̊∗
2 =

{
u ∈ B̊∗

∣∣∣ ∂γu ∈ B̊∗, ∀ |γ| 6 2
}
,

where B∗ consists of those functions u ∈ L2
loc(R

n) for which

sup
R>1

1

R

∫

B(0,R)

|u|2 <∞,

where B(0, R) is the ball of radius R centered at the origin, and B̊∗ consists of
those functions u ∈ B∗ for which

1

R

∫

B(0,R)

|u|2 −→ 0

as R −→ ∞. A function V ∈ L2
loc(R

n) is a short-range potential for instance

when V (·) ≪ 〈·〉−α in Rn for some α ∈ ]1,∞[. For a presentation of short-range
scattering theory, see e.g. Chapter XIV of [11] and the first sections of [15].

1.2 Interior transmission eigenvalues

If the potential V vanishes outside a suitable bounded domain Ω, then the func-
tions v and w coincide outside Ω (by Rellich’s lemma and unique continuation)
and we are left with a solution to the problem

{
(−∆+ V − λ) v = 0,
(−∆− λ)w = 0,

where v and w are to be in H2
loc(Ω)∩L2(Ω) and to satisfy the boundary condi-

tions v − w ∈ H2
0 (Ω). This problem is the interior transmission problem for Ω

and V .

Typical first steps in the study of the interior transmission problem are
the finite multiplicity of transmission eigenvalues, the discreteness of the set
of transmission eigenvalues, and the existence of infinitely many transmission
eigenvalues.
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1.3 The purpose and the motivation of this work

Since scattering theory does not really care about the support of V , it is natural
to ask whether the study of the interior transmission problem can be carried
over to non-compact supports. A particularly strong motivation for studying
this is that, metaphorically speaking, non-scattering energies are transmission
eigenvalues for the domain Ω = Rn. In this particular case, the combinations of
the techniques of short-range scattering theory and interior transmission eigen-
value problems might allow a new approach to directly deal with non-scattering
energies.

One particular question which might be approached in this way is the ex-
istence of non-scattering energies. For compactly supported radial scatterers,
there are always infinitely many of them as in that case the non-scattering en-
ergies coincide with the transmission eigenvalues. On the other hand, it was
recently shown by Bl̊asten, Päivärinta and Sylvester [4] that for a large class
of potentials there are no non-scattering energies. It is not yet known if non-
scattering energies can exist for non-radial potentials.

In the following we shall take first steps into the direction of non-compact
supports by considering interior transmission eigenvalues for non-compact Ω
which are nearly compact in the sense that they have a suitable compact Sobolev
embedding, and for potentials V taking only positive real values and having a
certain kind of asymptotic behaviour. For these potentials, we shall prove the
basic discreteness result. This is done by proving the basic discreteness and
existence results for a closely connected fourth-order equation. The more usual
case of bounded Ω with a positive real-valued potential, which is bounded and
bounded away from zero, is covered as a special case, including the correspond-
ing existence result for Helmholtz transmission eigenvalues.

It should be noted that this discreteness result would imply the discreteness
for the corresponding non-scattering energies if a conclusion analogous to that
of Rellich’s lemma could be somehow obtained. It seems that there are no
known generalizations of Rellich’s lemma to non-compact domains, but such
generalizations might exist. We intend to return to this topic in the future.

1.4 A few words on the preceding work

The interior transmission problem first appeared in the papers of Kirsch [13],
and Colton and Monk [8]. The first papers considered radial potentials and
discreteness for general potentials, see e.g. the survey [9] of Colton, Päivärinta
and Sylvester. The first general existence result was obtained by Päivärinta
and Sylvester [15], and later Cakoni, Gintides and Haddar [6] proved the first
general result on existence of infinitely many transmission eigenvalues.
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It should be noted that the methods in the papers of Sylvester [19], Lak-
shtanov and Vainberg [14] and Robbiano [16] are able to handle compactly
supported potentials with fairly arbitrary behaviour inside the domain. I.e. the
main assumptions only deal with the behaviour of the potentials in a neighbour-
hood of the boundary.

It is clear that we can not give here an exhaustive list of previous results
and references. For a recent survey on the topic, we recommend the article [7]
by Cakoni and Haddar.

The main result of this paper and its proof are in their spirit closest to the
work of Hickmann [10], Serov and Sylvester [18], and Serov [17], who proved
discreteness and existence results in compact domains for potentials exhibiting
well controlled degenerate or singular behaviour at the boundary of the domain
using quadratic forms, suitable weighted spaces and Hardy-type inequalities.

1.5 On notation

We shall employ the standard asymptotic notation. Given two complex func-
tions A and B defined on some set Ω, the relation A≪ B means that |A| 6 C |B|
in Ω for some positive real constant C. The relation A ≍ B means that both
A ≪ B and A ≫ B, and A ≫ B means the same as B ≪ A. We do not insist
on the implicit constants being computable.

When the letter ε appears in various exponents, it denotes an arbitrarily
small, and also sufficiently small, positive real constant, which usually changes
its value from one occurrence to the next. The usage of this notational device
should be rather transparent.

For a vector ξ ∈ Rn, we let 〈ξ〉 denote
√
1 + |ξ|2, as usual.

2 The main theorems

We fix the dimension n ∈ Z+ of the ambient Euclidean space for the entire
text, and all implicit constants are allowed to depend on it. Let Ω ⊆ Rn be an
open set for which the Sobolev embedding H2

0 (Ω) −→ L2(Ω) is compact, and
let V ∈ L2

loc(Ω) be a potential taking only positive real values and satisfying

the asymptotics V (·) ≍ 〈·〉−α for some α ∈ ]3,∞[.
For sufficient conditions on Ω guaranteeing the compact embedding, see the

chapter 6 of [2], in particular Theorems 6.16 and 6.19, or the original article
[1]. The conditions are somewhat technical and therefore we do not reproduce
them here. However, when n 6 3, one has the pleasant characterization: the
embedding H2

0 (Ω) −→ L2(Ω) is compact if and only if Ω does not contain
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infinitely many pairwise disjoint balls which are all of the same size (see remarks
6.17.3, 6.9 and 6.11 in [2]).

The theorems below cover as a special case bounded domains Ω with po-
tentials V , which take only positive real values, and which are bounded and
bounded away from zero.

In our setting, transmission eigenvalues for the Schrödinger equation are
defined to be those complex numbers λ for which there exist functions

v, w ∈
{
u ∈ H2

loc(Ω)
∣∣ ũ ∈ B∗} \ 0

solving the equations

(−∆+ V − λ) v = 0, (−∆− λ)w = 0

in Ω, and connected by the asymptotic relation and boundary conditions

v − w ∈ B̊∗
2(Ω) =

{
u ∈ H2

loc(Ω)
∣∣ ũ ∈ B∗

2(R
n)
}
,

where ũ : Rn −→ C coincides with u in Ω and vanishes identically elsewhere. It
does no harm to occasionally identify u with its zero extension ũ.

The multiplicity of a transmission eigenvalue is defined as the dimension of
the vector space of pairs of functions 〈v, w〉 solving the above problem.

We shall only consider real transmission eigenvalues and this is a genuine
restriction (as was first shown by F. Cakoni, D. Colton and D. Gintides [5]).

Our main theorem is

Theorem 1. The set of positive real transmission eigenvalues for the Schrö-
dinger equation is a discrete subset of [0,∞[, and each of its elements is of finite
multiplicity.

For the Helmholtz equation the perturbed equation for v is

(−∆+ λV − λ) v = 0,

and one excludes the uninteresting value λ = 0, but otherwise everything else
is the same. In particular, we have

Theorem 2. The set of positive real transmission eigenvalues for the Helmholtz
equation is a discrete subset of [0,∞[, and each of its elements is of finite mul-
tiplicity.
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3 Proof of Theorem 1

3.1 Reduction to a fourth-order equation

The first step in the proof is writing the transmission eigenvalue problem as
a single fourth-order partial differential equation. This idea is rather standard
and is the basis for many discreteness and existence proofs in the literature.
The non-vanishing of V is rather essential here.

We shall handle the operator in the fourth-order equation using quadratic
forms, and this will require a shift from the B∗-based spaces to certain weighted
L2-based spaces. The role of the ambient space will be played by LV , a space
which we define to consist of those L2

loc-functions in Ω whose zero extensions
belong to Agmon’s weighted space

L2,α/2(Rn) =
{
u ∈ L2

loc(R
n)
∣∣∣ 〈·〉α/2u ∈ L2(Rn)

}
,

which of course is a Hilbert space with the right weighted L2-norm.
The quadratic form domain will be HV , a space which we define to consist

of those L2
loc-functions in Ω whose zero extensions belong to Agmon’s weighted

space

H2,α/2(R
n) =

{
u ∈ L2

loc(R
n)
∣∣∣ ∂γu ∈ L2,α/2(Rn), ∀ |γ| 6 2

}
.

The space HV is Hilbert when equipped with the restriction of the H2,α/2-norm.
We point out that HV embeds compactly into LV . It is easy to split this

embedding into three parts

HV −→ H2
0 (Ω) −→ L2(Ω) −→ LV ,

where the middle one is the obvious embedding, which is assumed to be compact,
and the first and the last mappings are multiplications by 〈·〉α/2 and 〈·〉−α/2,
respectively.

Now we are ready to state the transition to a fourth-order equation:

Lemma 1. If a positive real number λ is a transmission eigenvalue then there
exists a function u ∈ HV \ 0 solving the equation

(−∆+ V − λ)
1

V
(−∆− λ)u = 0 (1)

in Ω in the sense of distributions. Furthermore, this transition retains multi-
plicities.
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If v and w solve the transmission eigenvalue problem, then it is a matter of
simple calculation to see that u = v − w solves the fourth-order equation. It
only remains to see that u ∈ B̊∗

2(Ω) corresponding to a transmission eigenvalue
necessarily belongs to HV . This follows from the observation that

(−∆− λ)u = −V v,

not only in Ω but also in Rn. The function 〈·〉α−1−ε V has enough decay to be
a short-range potential, and so 〈·〉α−1−ε V v ∈ B. Now, by a basic inequality in
short-range scattering theory (see e.g. Theorem 14.3.7 in [11]),

〈·〉α−1−ε ∂γu ∈ B∗,

for |γ| 6 2. It is then easy to check that

〈·〉α−3/2−ε ∂γu ∈ L2(Rn),

again for |γ| 6 2, which in turn implies

〈·〉α/2 ∂γu ∈ L2(Rn),

since α > 3.

From now on, we focus on studying the spectral properties of the fourth-
order equation (1). In particular, we shall establish a discreteness result and
a conditional existence result. The discreteness result, together with Lemma
1, implies Theorem 1. The hypothesis required for the general existence result
concerns the existence for suitable simple cases.

Hypothesis 1. For any ball B in Rn and any constant potential V0 ∈ R+,
there exists a Schrödinger transmission eigenvalue.

We do not know whether this hypothesis is true.
By inspecting the conditional existence proof (which will be given in Sec-

tion 3.6), we see that there is some freedom in the formulation of the hypothesis.
For example, we only need the existence for a sequence of balls and positive con-
stant potentials, where both the radii of the balls and the potentials tend to zero.
Furthermore, balls could be replaced by any domains whose diameters shrink to
zero, and the potentials do not have to be constant, as long as their L∞-norms
tend to zero, and they are positive and bounded away from zero.

Also, it should be noted, that by considering radial functions (see Section 4)
one can prove that there are transmission eigenvalues for any ball, provided
that V0 is sufficiently large. From this the approach of Section 3.6 will give
unconditional existence of eigenvalues (not necessarily infinitely many), provided
that the potential V is sufficiently large in some balls in Ω.
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Theorem 3. The set of real numbers λ for which the equation (1) has a non-
trivial HV -solution is a discrete subset of [0,∞[. For each such λ the space of
solutions is finite dimensional. Furthermore, if the Hypothesis 1 holds, the set
of such real numbers λ is infinite.

For a bounded Ω the HV -solutions that can be conditionnally obtained by
this theorem give rise to transmission eigenvalues, respecting multiplicities, and
we get the existence of infinitely many transmission eigenvalues. Unfortunately,
in the unbounded case this does not work. The obstacle is that the solutions to
the fourth-order equation belong to weighted spaces which essentially guarantee
that division by

√
V is a reasonably good operation, whereas in order to get

from the fourth-order equation back to the interior transmission problem one
needs to divide by V , an operation genuinely worse than division by

√
V , and

there seems to be no way of guaranteeing that the asymptotic behaviour of the
apparent transmission eigenfunction pair is sufficiently good.

3.2 The quadratic forms

We will handle the operator on the left-hand side of (1) via quadratic forms,
and for this purpose we define for each λ ∈ C the quadratic form

Qλ = u 7−→
〈
(−∆+ V − λ)u

∣∣∣∣
1

V
(−∆− λ)u

〉
: HV −→ C,

where the L2-inner product is linear in the second argument. Instead of con-
sidering Qλ as a quadratic form in L2(Ω), we shall consider it in the weighted
L2-space LV . The idea of using weighted L2-spaces as the ambient Hilbert
spaces, in order to handle degenerate or even singular potentials in the case of
a bounded domain, has been used in the papers [10], [18] and [17], where the
weight is a power of distance to the boundary of the domain.

It turns out that the family 〈Qλ〉λ∈C has the pleasant properties enumerated
in the theorem below. An excellent reference for the basic theory of quadratic
forms and analytic perturbation theory used is the book by Kato [12], in par-
ticular its Chapters VI and VII. More detailed references will be given in the
course of the proofs of the statements.

Theorem 4. 1. The quadratic forms Qλ form an entire self-adjoint analytic
family of forms of type (a) with compact resolvent, and therefore gives rise
to a family of operators Tλ, which is an entire self-adjoint analytic family
of operators of type (B) with compact resolvent.

2. Furthermore, there exists a sequence 〈µν(·)〉∞ν=1 of real-analytic functions
µν(·) : R −→ R such that, for real λ, the spectrum of Tλ, which consists
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of a discrete set of real eigenvalues of finite multiplicity, consists of µ1(λ),
µ2(λ), . . . , including multiplicity.

3. In addition, for any given T ∈ R+, there exists constant c ∈ R+ such that

∣∣µν(λ)− µν(0)
∣∣≪T e

c|λ| − 1

for all λ ∈ [−T, T ] and each ν ∈ Z+.

4. The pairs 〈λ, u〉 ∈ R×HV for which (1) holds, are in bijective correspon-
dence with the pairs 〈ν, λ〉 ∈ Z+ × R for which µν(λ) = 0.

5. If Hypothesis 1 holds, then there are infinitely many such pairs 〈λ, u〉.
The discreteness result follows easily from these properties of Qλ. It is

obvious that zero is not an eigenvalue of Tλ for any negative real λ, as Qλ(u) > 0
for all non-zero functions u ∈ DomQλ. Hence none of the functions µν(·) can
vanish identically, so that the set of zeroes of each of them is discrete. Why the
union of the zero sets can not have an accumulation point follows immediately
from the third statement above, which says that the functions µν(·) change their
values uniformly locally exponentially. That is, when the value of λ changes by
a finite amount, only finitely many µν(·) will have enough time to drop to zero.

The second statement follows immediately from a basic result in the pertur-
bation theory of linear operators, once the first has been proven; for this see
[12, rem. VII.4.22, p. 408] and the backwards references. The third statement
comes from theorem VII.4.21 [12, p. 408]. The fourth and fifth statements will
be consequences of the mini-max principle, but will be given only after the first
one has been dealt with.

We remark that the proof of the fifth statement only requires continuity of
the family 〈µν(·)〉∞ν=1, which can be proved using the mini-max principle with
no reference to non-real values of λ (see e.g. the proof of Lemma 12 in [15]).
The observation that these eigenvalues depend real-analytically on λ seems to
be new.

3.3 A weighted inequality

The proof of closedness of Qλ will depend on the following weighted inequality.

Lemma 2. Let K ⊆ C be compact, and let s ∈ R. Then

∥∥〈·〉s u
∥∥+

∥∥〈·〉s∇u
∥∥+

∥∥〈·〉s∇⊗∇u
∥∥≪K,s

∥∥〈·〉s (−∆− λ)u
∥∥+

∥∥〈·〉s u
∥∥

for all u ∈ C∞
c (Rn) and λ ∈ K.
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Here and elsewhere, given an expression E(·), we use the short-hand nota-
tions E(∇) and E(∇ ⊗ ∇) for

∑
|α|=1E(∂α) and

∑
|α|=2E(∂α), respectively.

When necessary, we shall use other similar short-hands whose meaning will be
clear.

Proof of Lemma 2. The following argument is an adaptation of the proof of
Lemma A.3 of [3, p. 206]. Since

〈·〉4 ≪K

∣∣∣4π2 |·|2 − λ
∣∣∣
2

+ 1,

multiplication by
∣∣û
∣∣2 and integration over Rn gives

∥∥u
∥∥+

∥∥∇u
∥∥+

∥∥∇⊗∇u
∥∥≪K

∥∥(−∆− λ)u
∥∥+

∥∥u
∥∥.

In order to introduce weights, we observe that for ε ∈ ]0, 1],

〈·〉 ≍ε,s 〈ε·〉,

and that
∂α〈ε·〉s ≪ε,s 〈ε·〉s.

Now Leibniz’s rule, the weightless inequality and the triangle inequality give

∥∥〈ε·〉s u
∥∥+

∥∥〈ε·〉s∇u
∥∥+

∥∥〈ε·〉s∇⊗∇u
∥∥

≪
∥∥〈ε·〉s u

∥∥+
∥∥∇(〈ε·〉s u)

∥∥+
∥∥∇⊗∇(〈ε·〉s u)

∥∥
+
∥∥(∇〈ε·〉s)u

∥∥+
∥∥(∇〈ε·〉s)⊗∇u

∥∥+
∥∥(∇⊗∇〈ε·〉s)u

∥∥

≪K

∥∥(−∆− λ) (〈ε·〉s u)
∥∥+

∥∥〈ε·〉s u
∥∥

+
∥∥(∇〈ε·〉s)u

∥∥+
∥∥(∇〈ε·〉s)⊗∇u

∥∥+
∥∥(∇⊗∇〈ε·〉s)u

∥∥

≪
∥∥〈ε·〉s (−∆− λ)u

∥∥+
∥∥(∇〈ε·〉s) · ∇u

∥∥+
∥∥(∆〈ε·〉s)u

∥∥+
∥∥〈ε·〉s u

∥∥
+
∥∥(∇〈ε·〉s)u

∥∥+
∥∥(∇〈ε·〉s)⊗∇u

∥∥+
∥∥(∇⊗∇〈ε·〉s)u

∥∥

≪s

∥∥〈ε·〉s (−∆− λ)u
∥∥+ ε

∥∥〈ε·〉s∇u
∥∥+ ε2

∥∥〈ε·〉s u
∥∥+

∥∥〈ε·〉s u
∥∥

+ ε
∥∥〈ε·〉s u

∥∥+ ε
∥∥〈ε·〉s∇u

∥∥+ ε2
∥∥〈ε·〉s u

∥∥

≪
∥∥〈ε·〉s (−∆− λ)u

∥∥+
∥∥〈ε·〉s u

∥∥+ ε
∥∥〈ε·〉s∇u

∥∥.

Choosing a sufficiently small ε, subject to the choices of K and s, allows us
to eliminate the first-order term from the right-hand side, giving the weighted
version of the desired inequality.
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3.4 Qλ is a good self-adjoint family

The fact that the family 〈Tλ〉λ∈C is a self-adjoint analytic family of type (B)
with compact resolvent will follow from a number of different results in the
aforementioned book [12].

If 〈Qλ〉 form a self-adjoint analytic family of quadratic forms of type (a),
then for each λ ∈ C, there corresponds a unique closed linear operator Tλ; since
Qλ is densely defined, sectorial and closed (as will be shown later), the unique
existence of Tλ is given by [12, thm. VI.2.1, p. 322], and the operator Tλ is
furthermore m-sectorial.

The theorem VII.4.2 [12, p. 395] then says that 〈Tλ〉 is an analytic family
of operators (in the sense of Kato). Since

DomTλ ⊆ DomQλ = HV ,

and HV embeds compactly into LV , the family 〈Tλ〉 has compact resolvent.
Finally, the family is self-adjoint, i.e. T ∗

λ = Tλ, since Qλ = Qλ for all λ ∈ C.
This follows from theorem VI.2.5 [12, p. 323]. In particular, Tλ is a self-adjoint
operator with compact resolvent for real λ.

Thus it remains to prove that 〈Qλ〉 is an analytic family of type (a). By
definition, this entails checking that

• Each Qλ is sectorial and closed, and DomQλ is independent of λ; and

• Qλ(u) is an entire function of λ for any fixed u ∈ DomQλ.

The latter condition is obviously satisfied as Qλ(u) is, in fact, a second degree
polynomial in λ. That DomQλ is independent of λ is also obvious here, because
the domain is simply HV . So it only remains to prove that each Qλ is sectorial
and closed.

That Qλ is sectorial simply means that the set Qλ[{u ∈ HV | ‖u‖LV
= 1}] is

contained in a sector-shaped set of the form

{z ∈ C | arg(z − z0) 6 ϑ}

for some fixed z0 ∈ C and ϑ ∈
[
0, π2

[
. This sectoriality condition can be estab-

lished by the usual elementary arguments; see e.g. Example 1.7 in [12, p. 312].
That Qλ is closed follows now from the fact that, by the weighted inequality

proved above, the H2,α/2-norm and the norm arising from Qλ, given by the
expression √

ℜQλ(·) + (1 + λ)‖ · ‖2LV
,

are comparable on C∞
c (Ω) and therefore the domain of Qλ is really just the

closure of test functions of Ω in the right norm.
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3.5 The bijective correspondence between 〈λ, u〉 and 〈ν, λ〉
If zero is an eigenvalue of Tλ with an eigenfunction u ∈ HV , then clearly
Qλ(v, u) = 0 for all v ∈ C∞

c (Ω), and u is a non-trivial solution to the equa-
tion (1).

The other direction is only slightly more challenging to establish. Suppose
that for λ ∈ R the equation (1) has a non-trivial space of solutions in HV of
dimension N . Then Qλ vanishes in some subspace Y ⊆ HV of dimension N ,
and in fact, Qλ(u, v) = 0 for all v ∈ HV and u ∈ Y . Our goal is to prove
that zero is an eigenvalue of Tλ of multiplicity at least N using the mini-max
principle. Let the spectrum of Tλ be

µ1 6 µ2 6 µ3 6 . . . .

The space X corresponding to the negative eigenvalues of Tλ is finite dimen-
sional, say of dimension m > 0. Now the restriction

T |X⊥ : X⊥ ∩DomTλ −→ X⊥

is again a self-adjoint operator with compact resolvent and no negative eigen-
values. The eigenvalues µm+1, µm+2, . . . , µm+N all have to be non-negative.

Conversely, µm+N is at most

max
{
Qλ(f)

∣∣∣ f ∈ span {X,Y }, ‖f‖LV
= 1
}

=max
{
(Qλ(g) + 2ℜQλ(g, h) +Qλ(h))

∣∣∣ g ∈ X,h ∈ Y, ‖g + h‖LV
= 1
}
,

and in the expression (. . .) the first term is certainly 6 0 and the remaining
terms vanish. Thus µm+1 6 µm+2 6 . . . 6 µm+N 6 0 and we are done.

3.6 The conditional infinitude of zeroes of µν(·)
Next we shall prove that, under Hypothesis 1, for arbitrarily large positive
integers N , there exists at least N pairs 〈ν, λ〉 ∈ Z+ × R satisfying µν(λ) = 0.
This is achieved by comparison to the simpler domains with constant potentials
for which the existence of a single transmission eigenvalue is guaranteed by
Hypothesis 1.

We choose N small balls B1, B2, . . . , BN , whose closures are in Ω and
pairwise disjoint, and consider on them a constant potential V0 ∈ R+ such that
V0 6 V in B1 ∪B2 ∪ . . .∪BN , and such that there is a number λ ∈ R+ which is
a transmission eigenvalue for each of the balls. The above theorem guarantees
the existence of such a small V0.
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The H2
0 -spaces of the balls naturally embed into HV by taking zero exten-

sions of their elements. Denote by H(N) the closed subspace spanned by the
images of the differences of the transmission eigenfunction pairs of V0 in the
small balls. This space has dimension at least N .

Now the quadratic form Q̃λ corresponding to the constant potential V0 in Ω
is basically the Qλ defined above, but with 1/V replaced by 1/V0. In particular,

we have the inequality Qλ 6 Q̃λ = 0 in H(N). (The domain of Q̃λ can be
chosen to be anything reasonable that contains H(N) as we only need this
non-positivity inequality.)

The eigenvalues of Tκ are positive for κ ∈ R−, but by the mini-max principle,
at least N of the eigenvalues of Tλ are non-positive. Therefore the functions
µn(·) must have at least N zeroes in the interval [0, λ].

4 Some remarks on the Helmholtz case

Everything we do works for the Helmholtz equation with modest modifications.
The fourth-order equation (1) should be replaced by

(−∆+ λV − λ)
1

V
(−∆− λ)u = 0, (2)

and the quadratic forms should be redefined accordingly. The spectral properties
will in this case be slightly better than in the Schrödinger case:

Theorem 5. The set of positive real numbers λ for which the equation (2) has
a non-trivial HV -solution is an infinite discrete subset of [0,∞[, and for each
such λ the space of solutions is finite dimensional. Furthermore, the number of
such λ not exceeding x ∈ R+, counting multiplicities, is ≫ xn/2 as x −→ ∞.

The unconditional existence proof depends on

Theorem 6. For a ball B in Rn, and an arbitrarily small constant potential c ∈
R+, there exist infinitely many positive real Helmholtz transmission eigenvalues.

This is a special case of a much more general theorem on existence for radial
potentials, a proof of which in three dimensions may be found in [9, p. 16]. For
constant potentials, the proof simplifies nicely, and though it seems that there is
no n-dimensional proof in the literature, the 3-dimensional proof generalizes eas-
ily: the crucial difference is that j0(r) must be replaced by r(2−n)/2 J(n−2)/2(r).

Now we do not immediately see that µn(λ) > 0 for negative λ and each
n ∈ Z+. Instead, we observe easily that µn(0) > 0 for each n: If Q0(u) = 0,
then ∆u ≡ 0, implying that ∇u ≡ 0, and therefore u must vanish.
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The asymptotic lower bound ≫ xn/2 for the number of zeroes of µν(·) not
exceeding a large positive real number x follows from the fact that transmis-
sion eigenvalues for the Helmholtz equation scale under dilations like Dirichlet
eigenvalues.

More precisely, let us look at a ball B whose closure is contained in Ω, and
let V0 ∈ R+ be so small that V0 6 V (·) in B. Now there exists a transmission
eigenvalue λ for B and the constant potential V0.

Given any ε ∈ R+, it is easy to see that the number λ
ε2 is a transmission

eigenvalue for any translate of εB with the constant potential V0.
Let x ∈ R+, and choose ε = λ1/2 x−1/2. Now the number λ

ε2 = x is a
transmission eigenvalue for any translate of εB with the constant potential V0,
and we can pack ≫ ε−n ≫λ x

n/2 such translates inside B so that no two of
them intersect, provided that x is large enough. These will correspond to the
balls B1, B2, . . . , BN of section 3.6. Now we finish the proof in the same way
as in section 3.6 and obtain ≫λ x

n/2 zeroes not exceeding x.
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II. Rellich Type Theorems

for Unbounded Domains

Esa V. Vesalainen

Abstract

We give several generalizations of Rellich’s classical uniqueness the-
orem to unbounded domains. We give a natural half-space generaliza-
tion for super-exponentially decaying inhomogeneities using real variable
techniques. We also prove under super-exponential decay a discrete gen-
eralization where the inhomogeneity only needs to vanish in a suitable
cone.

The more traditional complex variable techniques are used to prove
the half-space result again, but with less exponential decay, and a variant
with polynomial decay, but with supports exponentially thin at infinity.
As an application, we prove the discreteness of non-scattering energies for
non-compactly supported potentials with suitable asymptotic behaviours
and supports.

1 Introduction

1.1 Scattering theory

Our objects of study arise from scattering theory. More precisely, time inde-
pendent scattering theory for short-range potentials, which models e.g. two-
body quantum scattering, acoustic scattering, and some classical electromag-
netic scattering situations (for a general reference, see e.g. [10]). Here one is
concerned with the situation where, at a fixed energy or wavenumber λ ∈ R+,
an incoming wave w, which is a solution to the free equation

(−∆− λ)w = 0,

is scattered by some perturbation of the flat homogeneous background. Here
this perturbation will be modeled by a real-valued function V in Rn having
enough decay at infinity. The total wave v, which models the “actual” wave,
then solves the perturbed equation

(−∆+ V − λ) v = 0.
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For acoustic and electromagnetic scattering, one writes λV instead of V . Of
course, the two waves v and w must be linked together and the connection
is given by the Sommerfeld radiation condition. The upshot will be that the
difference u of v and w, the so-called scattered wave, will have an asymptotic
expansion of the shape

u(x) = v(x)− w(x) = A

(
x

|x|

)
ei

√
λ|x|

|x|(n−1)/2
+ error,

where A depends on λ and w, and where the error term decays more rapidly than
the main term. The point here is that in the main term the dependences on the
radial and angular variables are neatly separated, and in practical applications
one usually measures the scattering amplitude or far-field pattern A, or its
absolute value |A|.

1.2 Non-scattering energies

It is a natural question whether we can have A ≡ 0 for some w 6≡ 0? This would
mean that the main term of the scattered wave vanishes at infinity, meaning
that the perturbation, for the special incident wave in question, is not seen far
away. Values of λ ∈ R+ for which such an incident wave w exists, are called
non-scattering energies (or appropriately, wavenumbers) of V . In order to avoid
the discussion of function spaces here, the precise definition is given in Section
2 below.

Results on the existence of non-scattering energies are scarce. Essentially
only two general results are known: For compactly supported radial potentials
the set of non-scattering energies is an infinite discrete set accumulating at infin-
ity [11], and for compactly supported potentials with suitable corners, Bl̊asten,
Päivärinta and Sylvester recently proved that the set of non-scattering energies
is empty [5].

We would like to mention the related topic of transparent potentials: there
one considers (at a fixed energy) potentials for which A vanishes for all w. The
knowledge of transparent potentials is more extensive. In particular, several
constructions of such radial potentials have been given, see e.g. the works
of Regge [32], Newton [28], Sabatier [37], Grinevich and Manakov [13], and
Grinevich and Novikov [14].

1.3 Rellich type theorems

In practice, discreteness of the set of non-scattering energies tends to be a
more attainable goal. The first key step towards that goal (for compactly sup-
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ported V ) is supplied by Rellich’s classical uniqueness theorem which is the
following:

Theorem 1. Let u ∈ L2
loc(R

n) solve the equation (−∆− λ)u = f , where
λ ∈ R+ and f ∈ L2(Rn) is compactly supported, and assume that

1

R

∫

B(0,R)

|u(x)|2 dx −→ 0,

as R −→ ∞. Then u also is compactly supported.

This was first proved (though with a bit different decay condition) indepen-
dently by Rellich [33] and Vekua [45] in 1943. Of the succeeding work, which
includes generalizations of this result to more general constant coefficient dif-
ferential operators, we would like to mention the work of Trèves [43], Littman
[23, 24, 25], Murata [27] and Hörmander [17]. Section 8 of [16] is also interesting.

We also mention that a theorem analogous to Theorem 1 also exists for the
discrete Laplacian (also to be defined more precisely in Section 2):

Theorem 2. Let u : Zn −→ C be a solution to (−∆disc − λ)u = f , where

1

R

∑

ξ∈Zn,|ξ|6R
|u(ξ)|2 −→ 0,

as R −→ ∞, and f ∈ ℓ2(Zn) is non-zero only at finitely many points of Zn, and
λ ∈ ]0, n[. Then u also is non-zero only at finitely many points of Zn.

This theorem was proved recently by Isozaki and Morioka [19]. A less general
version of the result was implicit in the work of Shaban and Vainberg [40].

1.4 Transmission eigenvalues

Assume that V is compactly supported. The equations for v and w imply that
the scattered wave u solves the equation

(−∆− λ)u = −V v.
If furthermore A ≡ 0, then u will satisfy the decay condition in Theorem 1,
and so u = v − w will vanish outside a compact set. If the support of V is
essentially some suitable open domain Ω, the unique continuation principle for
the free Helmholtz equation allows us to conclude that actually





(−∆+ V − λ) v = 0 in Ω,
(−∆− λ)w = 0 in Ω,
v − w ∈ H2

0 (Ω).
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This system, called the interior transmission problem, is a non-self-adjoint eigen-
value problem for λ, and the values of λ, for which this system has non-trivial
L2-solutions, are called (interior) transmission eigenvalues.

The non-scattering energies and transmission eigenvalues first appeared in
the papers of Colton and Monk [11] and Kirsch [21]. In [9] Colton, Kirsch
and Päivärinta proved the discreteness of transmission eigenvalues (and non-
scattering energies) for potentials that may even be mildly degenerate. The
early papers on the topic also considered, among other things, radial potentials;
for more on this, we refer to the article of Colton, Päivärinta and Sylvester [12].

In recent years, there has been a surge of interest in the topic starting with
the general existence results of Päivärinta and Sylvester [30], who established
existence of transmission eigenvalues for a large class of potentials, and Cakoni,
Gintides and Haddar [6], who established for acoustic scattering, that actually
the set of transmission eigenvalues must be infinite.

For potentials more general than the radial ones, a very common approach
to proving discreteness and other properties has been via quadratic forms: the
scattered wave solves the fourth-order equation

(−∆+ V − λ)
1

V
(−∆− λ)u = 0,

and this can be handled nicely with quadratic forms (or with variational formu-
lations) and analytic perturbation theory.

Recently, other approaches, not involving the fourth-order equation, to prov-
ing discreteness and many other results have been introduced by Sylvester [41],
Robbiano [34], and Lakshtanov and Vainberg [22].

For more information and a wealth of references on transmission eigenvalues,
we recommend the survey of Cakoni and Haddar [7] and their editorial [8].

1.5 What we do and why?

Most of the work on non-scattering energies and transmission eigenvalues deals
with compactly supported potentials V . However, the basic short-range scat-
tering theory only requires V to have enough decay at infinity, essentially some-
thing like V (x) ≪ |x|−1−ε

. Thus, it makes perfect sense to study non-scattering
energies for non-compactly supported potentials.

In [46], we studied an analogue of the transmission eigenvalue problem for
certain unbounded domains establishing discreteness under the assumptions
that V (x) ≍ |x|−α for some α ∈ ]3,∞[, and that the underlying domain Ω
has the property that the embedding H2

0 (Ω) −→ L2(Ω) is compact.
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Even though the formulation of the transmission problem was kept compat-
ible with scattering theory, the lack of a Rellich type theorem for unbounded
domains did not allow any conclusions about the discreteness of non-scattering
energies for the corresponding potentials. Here we will present several such Rel-
lich type theorems, two of which will give discreteness of non-scattering energies.

First, we prove a fairly general Rellich type theorem where instead of a com-
pactly supported inhomogeneity f , we consider f that is superexponentially
decaying and vanishes in a half-space. The conclusion will then be that the
solution u also vanishes in the same half-space. This is a fairly satisfying gen-
eralization. Also, it contains the classical Rellich lemma as a simple corollary.
We give a new kind of proof for this result based on real variable techniques,
first deriving a Carleman estimate weighted exponentially in one direction from
an estimate of Sylvester and Uhlmann [42] and then arguing immediately from
it.

However, we have so far been unable to apply the quadratic form approach
to superexponentially decaying potentials, and so we would like to have Rellich
type theorems which allow less decay. We shall give two results of this kind: the
first is for exponentially decaying inhomogeneities, the second is essentially for
polynomially decaying potentials but for domains that are not only contained
in a half-space but also grow exponentially thin at infinity. These results are
proved with a more traditional complex variables argument [43, 23, 24, 25, 17].

The Rellich type theorem for polynomially decaying inhomogeneities can
be immediately combined with the results of [46] to give discreteness of non-
scattering energies for a class of polynomially decaying potentials. Obtaining a
discreteness result for a class of exponentially decaying potentials will require
some minor adjustments to the arguments of [46] which are presented in Section
5. Our manner of using quadratic forms to establish discreteness is a close rela-
tive of the application of quadratic forms to degenerate and singular potentials
in the works of Colton, Kirsch and Päivärinta [9], Serov and Sylvester[39], Serov
[38], and Hickmann [15].

Finally, as an interesting aside, and to provide a point of comparison, we
present a generalization of the discrete Rellich type theorem of Isozaki and
Morioka. It turns out that for superexponentially decaying potentials, one gets
a much stronger result than in the continuous case: we not only can consider
vanishing in half-spaces but vanishing in suitable cones. The proof depends
heavily on the arguments in [19] which are first used to show that the solution
must be superexponentially decaying. After this, the Rellich type conclusion
follows from a repeated application of the definition of the discrete Laplacian.
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1.6 On notation

We shall use the standard asymptotic notation. If f and g are complex functions
on some set A, then f ≪ g means that |f(x)| 6 C |g(x)| for all x ∈ A for some
positive real constant C, referred to as the implicit constant. The notation f ≍ g
means that both f ≪ g and g ≪ f . When C may depend on some parameters
α, β, . . . , we write f ≪α,β,... g, except that all the implicit constants are allowed
to depend on the dimension n ∈ {2, 3, . . .} of the ambient Euclidean space Rn.

For a vector x ∈ Rn, we define 〈x〉 =

√
1 + |x|2 and x′ = 〈x1, . . . , xn−1〉.

The letters e1, e2, . . . , en denote the standard basis of Rn:

e1 = 〈1, 0, 0, . . . , 0, 0〉 ,
e2 = 〈0, 1, 0, . . . , 0, 0〉 ,
.........................

en = 〈0, 0, 0, . . . , 0, 1〉 .

For a complex vector z ∈ Cn, we denote the real and imaginary parts of z by

ℜz = 〈ℜz1, . . . ,ℜzn〉 and ℑz = 〈ℑz1, . . . ,ℑzn〉 .

For R ∈ R+, we write B(0, R) for the open ball of vectors ξ ∈ Rn with |ξ| < R.
If we want to emphasize the dimension of the ambient Euclidean space, we write
Bn(0, R).

We shall use the shorthand ∇⊗∇ to simplify expressions of Sobolev norms
in the obvious way. For example, the usual H2-Sobolev norm would be given
by the expression √∥∥u

∥∥2 +
∥∥∇u

∥∥2 +
∥∥∇⊗∇u

∥∥2.
We use Tn to denote the n-dimensional torus Rn/Zn. The corresponding

complex torus Tn
C
means Cn/Zn. Instead of analytic functions in Tn

C
one can

simply think of entire functions in Cn which are 1-periodic with respect to each
complex variable.

For a function f ∈ L2(Rn), f̂ denotes the usual Fourier transform normalized
as follows: for a Schwartz test function f and ξ ∈ Rn,

f̂(ξ) =

∫

Rn

f(x) e(−x · ξ) dx,

where e(·) stands for e2πi·. We will also denote by F ′f the Fourier transform of
f in the first n− 1 variables, and the corresponding inverse transform by F ′−1.
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Similarly, we will denote by Fn the Fourier transform in the nth variable, and
by F−1

n the corresponding inverse transform.
In the same vein, given a vector f ∈ ℓ2(Zn), f̌ denotes the Fourier series

connected to f : for x ∈ Tn,

f̌(x) =
∑

ξ∈Zn

f(x) e(x · ξ),

and the convergence is in the L2-sense or pointwise, whichever is more appro-
priate.

Finally, the usual L2-inner product is denoted by 〈·|·〉: for square-integrable
complex functions f and g in some domain Ω, we define

〈f |g〉 =
∫

Ω

f g.

2 The results

2.1 Rellich type theorems for unbounded domains

Before stating the main results, we would like to define the function spaces
from which solutions v, w and u are actually taken. The solutions v and w
should be taken from the Agmon–Hörmander space B∗, which consists of those
L2
loc(R

n)-functions u for which

‖u‖2B∗ = sup
R>1

1

R

∫

B(0,R)

|u(x)|2 dx <∞.

Actually, it will then turn out that also the first- and second-order partial deriva-
tives of v and w will also belong to B∗, a fact which we will denote by v, w ∈ B∗

2 .
When A ≡ 0, the scattered wave u will satisfy

1

R

∫

B(0,R)

|u(x)|2 dx −→ 0

as R −→ ∞. The space of such L2
loc(R

n)-functions is denoted by B̊∗. From
Theorem 14.3.6 of [18], it will follow that the first- and second-order partial
derivatives of u will also belong to B̊∗, and we will write u ∈ B̊∗

2 . In view of
this, the growth condition for u in Theorem 1 could be replaced by u ∈ B̊∗

2 , and
this is what we shall do in the theorems below.
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The Agmon–Hörmander spaces were introduced in the works of Agmon and
Hörmander [4], and independently by Murata [26], in the study of asymptotics
of solutions to constant coefficient partial differential equations. Despite their
appearance, these spaces turn out to be fairly natural. In particular, the map-
ping from g ∈ L2(Sn−1) to the Herglotz wave

w(x) =

∫

Sn−1

g(ϑ) ei
√
λϑ·x dϑ

will give a bijection from L2(Sn−1) into the B∗-solutions of (−∆− λ)w = 0,
and the respective norms of g and the Herglotz wave w will be comparable.

Our first generalization of Theorem 1 considers vanishing in a half-space
instead of the exterior of a ball.

Theorem 3. Let u ∈ B̊∗
2 solve

(−∆− λ)u = f,

where λ ∈ R+ and f ∈ e−γ〈·〉L2(Rn) for all γ ∈ R+, and suppose that f vanishes
in the lower half-space Rn−1 × R−. Then also u vanishes in Rn−1 × R−.

With complex variable techniques, we may allow less exponential decay:

Theorem 4. Let u ∈ B̊∗
2 solve

(−∆− λ)u = f,

where λ ∈ R+ and f ∈ e−γ0〈·〉L2(Rn) for some γ0 ∈ R+, and suppose that f
vanishes in Rn−1 × R−. Then also u vanishes in Rn−1 × R−.

Finally, to allow only polynomially decaying f we assume essentially that
the support of the regions where f is not exponentially decaying is exponentially
thin at infinity:

Theorem 5. Let u ∈ B̊∗
2 solve

(−∆− λ)u = f,

where λ ∈ R+ and the inhomogeneity f both vanishes in Rn−1×R− and satisfies

sup
ζ′∈C

n−1

|ℑζ′|<γ0

∫

Rn

∣∣∣〈x〉2 f(x) e(x′ · ζ ′)
∣∣∣ dx <∞

for some γ0 ∈ R+. Then u vanishes in the lower half-space Rn−1 × R−.
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2.2 Applications to discreteness of non-scattering energies

The next two theorems will concern discreteness of non-scattering energies in
a somewhat special situations. The quadratic form techniques in Section 5
depend on the potential V being essentially supported in a domain Ω for which
the embedding H2

0 (Ω) −→ L2(Ω) is compact.

For a discussion of such compact embeddings for unbounded domains, we
refer to Chapter 6 of [2] or to the original article [1]. The conditions get slightly
more involved in higher dimensions, but in two- and three-dimensional cases,
the embedding H2

0 (Ω) −→ L2(Ω) is compact if and only if the domain Ω does
not contain an infinite sequence of pairwise disjoint congruent balls; cf. remarks
6.17.3, 6.9 and 6.11 in [2].

Combining Theorem 5 with the results in [46] easily gives the following
discreteness result for non-scattering energies:

Theorem 6. Let V ∈ L∞(Rn) take only nonnegative real values, and let Ω ⊆
Rn−1×R+ be a non-empty open set for which the Sobolev embeddingH2

0 (Ω) −→
L2(Ω) is compact. Assume the following:

I. V (·) ≍ 〈·〉−α in Ω for some α ∈ ]3,∞[, and V vanishes in Rn \ Ω.
II. The complement of Ω in Rn has a connected interior and is the closure of

the interior.

III. The integrals ∫

Ω

∣∣∣〈x〉2+1/2+ε−α
e(x · ζ)

∣∣∣
2

dx

are uniformly bounded for all ζ ∈ Cn with |ℑζ| < γ0 for some γ0, ε ∈ R+.

Then the set of non-scattering energies for V is a discrete subset of [0,∞[, and
each of them is of finite multiplicity.

Here multiplicity is defined to be the dimension of the vector space of pairs of
solutions 〈v, w〉 appearing in the definition of non-scattering energies. The point
of the condition III is that, combined with the Cauchy–Schwarz inequality, and
the definition of B∗, it guarantees that V v satisfies the sup-condition of Theorem
5 for any v ∈ B∗. Since the exponential factor in the condition III grows
exponentially fast in some directions when ℑζ 6= 0, the condition essentially
says that Ω must be exponentially thin at infinity.

Analogously to the Rellich type theorems, if the condition of polynomial
decay is replaced by exponential decay, then we can relax the conditions:
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Theorem 7. Let V ∈ L∞(Rn) take only nonnegative real values, and let Ω ⊆
Rn−1×R+ be a non-empty open set for which the Sobolev embeddingH2

0 (Ω) −→
L2(Ω) is compact. Assume the following:

I. V (·) ≍ e−γ0〈·〉 in Ω for some γ0 ∈ R+ with γ0 ≪n 1, and V vanishes in
Rn \ Ω.

II. The complement of Ω in Rn has a connected interior and is the closure of
the interior.

Then the set of non-scattering energies for V is a discrete subset of [0,∞[ and
each of them is of finite multiplicity.

The proof will be similar to the arguments in [46]. We will outline the relevant
modifications in Section 5.

2.3 A discrete Rellich type theorem for unbounded domains

Let u : Zn −→ C be a function on the square lattice Zn. Then we define the
discrete Laplacian of u to be the function −∆discu : Z

n −→ C given by the
formula

(
−∆discu

)
(ξ) =

n

2
u(ξ)− 1

4

n∑

ℓ=1

(
u(ξ + eℓ) + u(ξ − eℓ)

)
.

The spectrum of −∆disc is [0, n] and absolutely continuous. For more infor-
mation about the discrete setting, we refer to the presentation of Isozaki and
Morioka [19] and the references given there.

Our generalization of Theorem 2 will concern vanishing, not in a half-space,
but in a cone-like domain.

Theorem 8. Let C be the set of those ξ ∈ Zn for which

|ξ1|+ |ξ2|+ . . .+ |ξn−1| 6 ξn.

Also, let u : Zn −→ C be such that

1

R

∑

|ξ|6R

∣∣u(ξ)
∣∣2 −→ 0

as R −→ ∞, and let f ∈ ℓ2(Zn) be such that

eγ〈·〉f ∈ ℓ2(Zn)

41



for all γ ∈ R+, and assume that f(ξ) = 0 for all ξ ∈ C. Finally, let λ ∈ ]0, n[,
and assume that

(−∆disc − λ)u = f

in Zn. Then also u(ξ) = 0 for all ξ ∈ C.

3 Proof of Theorem 3 via Carleman estimates

The following is essentially Lemma 2.5 in [29, p. 1780], which may be reformu-
lated in the following way in view of Theorem 14.3.6 in [18].

Theorem 9. Let γ0 ∈ R+, and let f be a function such that eγ〈·〉 f ∈ L2(Rn)
for each γ ∈ ]0, γ0[. If u ∈ B̊∗

2 solves the equation

(−∆− λ)u = f,

then eγ〈·〉 u ∈ H2(Rn) for each γ ∈ ]0, γ0[.

The following result is Proposition 2.1 in [42]. Even though the statement
there has λ = 0, the same proof also works for λ > 0.

Theorem 10. Let λ ∈ R+, δ ∈ ]−1, 0[, and let ρ ∈ Cn with ρ · ρ = λ and

|ℑρ| > 1. Then for any f ∈ 〈·〉−1−δ
L2(Rn) the equation

(−∆− 2iρ · ∇) v = f

has a unique solution v ∈ 〈·〉−δ L2(Rn) satisfying the estimate

∥∥〈·〉δ v
∥∥
L2(Rn)

≪λ,δ
1

|ρ|
∥∥〈·〉1+δ f

∥∥
L2(Rn)

.

This result can be turned into a Carleman estimate weighted exponentially
in one coordinate direction:

Corollary 11. Let u ∈ C∞
c (Rn), δ ∈ ]−1, 0[, λ ∈ R+, and let τ ∈ R+ with

τ ≫λ,δ 1. Then

∥∥e−τxn 〈·〉δ u
∥∥
L2(Rn)

≪λ,δ
1

τ

∥∥e−τxn 〈·〉δ+1
(−∆− λ)u

∥∥
L2(Rn)

.

Of course, this also holds for u in the closure of C∞
c (Rn) in the norm that

is given by the sum of the norms appearing in the estimate.
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Proof. We shall apply Theorem 10 with ρ = α−iτen, where en = 〈0, 0, . . . , 0, 1〉
and α ∈ Rn is such that α ·en = 0 and |α|2 = τ2+λ, as well as with v = e−iρ·xu.
With these choices we have

ρ · ρ = λ, |ρ| ≍λ τ, and
∣∣e−iρ·x

∣∣ = e−τxn ,

as well as

(−∆− 2iρ · ∇) v = e−iρ·x (−∆− λ)u.

Now Theorem 10 clearly says that

∥∥e−τxn 〈·〉δ u
∥∥
L2(Rn)

≪λ,δ
1

τ

∥∥e−τxn 〈·〉δ+1
(−∆− λ)u

∥∥
L2(Rn)

.

Proof of Theorem 3. Let us first observe that by Theorem 9 we must have
∂αu ∈ e−γ〈·〉L2(Rn) for each multi-index α with |α| 6 2. In particular, we also

have e−τxn 〈·〉δ+1
∂αu ∈ L2(Rn) for all τ ∈ R, any fixed δ ∈ ]−1, 0[ and each

multi-index α with |α| 6 2.

Our goal will be to prove that u vanishes in Rn−1 × ]−∞,−2[. Then u also
vanishes in Rn−1 × R− by the unique continuation property of solutions to the
free Helmholtz equation.

We want to focus on the behaviour of u in the lower half-space and so we
will pick a cut-off function χ ∈ C∞(Rn) which only depends on xn, vanishes for
xn > −1, and is identically equal to 1 when xn < −2.

Now Corollary 11 tells us that for large τ ∈ R+,

e2τ
∥∥〈·〉δ u

∥∥
L2(Rn−1×]−∞,−2[)

≪
∥∥e−τxn 〈·〉δ χu

∥∥
L2(Rn)

≪λ,δ
1

τ

∥∥e−τxn 〈·〉δ+1
(−∆− λ) (χu)

∥∥
L2(Rn)

=
1

τ

∥∥∥∥e−τxn 〈·〉δ+1

(
2
∂χ

∂xn
· ∂u
∂xn

+
∂2χ

∂x2n
u

)∥∥∥∥
L2(Rn−1×]−2,−1[)

≪ 1

τ
e2τ
∥∥∥∥〈·〉

δ+1

(
2
∂χ

∂xn
· ∂u
∂xn

+
∂2χ

∂x2n
u

)∥∥∥∥
L2(Rn−1×]−2,−1[)

and the result follows by dividing by e2τ and letting τ −→ ∞.
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4 Proofs of Theorems 4 and 5

4.1 Differentiation under integral signs

The following lemmas have been adapted from the first chapter of Wong’s text-
book [47]. The reason for them is that we apply analytic continuations for
Fourier transforms, and to obtain these extensions with only polynomial decay,
we will differentiate under the integral sign in order to check that the Cauchy–
Riemann equations hold.

Lemma 12. Let D and Ω be open subsets of Rn and Rm, respectively, and let
f : D × Ω −→ C be measurable. Suppose that

I. f(x, ·) ∈ L1(Ω) for each x ∈ D;

II. f(·, y) ∈ C2(D) for almost every y ∈ Ω; and that

III. for multi-indices α with |α| 6 2, we have

sup
x∈D

∫

Ω

|∂αx f(x, y)| dy <∞.

Then, for each ℓ ∈ {1, 2, . . . , n}, the integrals

∫

Ω

(
∂xℓ

f
)
(x, y) dy and

∫

Ω

∣∣(∂xℓ
f
)
(x, y)

∣∣ dy

are uniformly continuous functions of x ∈ D.

Proof. For each k ∈ {1, 2, . . . , n} and small h ∈ R, we may apply the mean
value theorem to estimate

∫

Ω

∣∣(∂xℓ
f
)
(x1, . . . , xk + h, . . . , xn, y)−

(
∂xℓ

f
)
(x1, . . . , xk, . . . , xn, y)

∣∣ dy

= |h|
∫

Ω

∣∣(∂xk
∂xℓ

f
)
(x1, . . . , ξ(x, y;h), . . . , xn, y)

∣∣ dy

6 |h| sup
x∈D

∫

Ω

∣∣(∂xk
∂xℓ

f
)
(x, y)

∣∣ dy.

Here ξ(. . .) has the obvious meaning.
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Theorem 13. Let D and Ω be open subsets of Rn and Rm, respectively, and
let f : D × Ω −→ C be measurable. Suppose that

I. f(x, ·) ∈ L1(Ω) for each x ∈ D;

II. f(·, y) ∈ C2(D) for almost every y ∈ Ω; and that

III. for all multi-indices α with |α| 6 2, we have

sup
x∈D

∫

Ω

∣∣(∂αx f
)
(x, y)

∣∣ dy <∞.

Then ∫

Ω

f(·, y) dy ∈ C1(D)

and

∂xℓ

∫

Ω

f(x, y) dy =

∫

Ω

(
∂xℓ

f
)
(x, y) dy

in D for each ℓ ∈ {1, 2, . . . , n}.

Proof. By the fundamental theorem of analysis, the previous lemma and Fu-
bini’s theorem,

∂xℓ

∫

Ω

f(x, y) dy

= lim
h−→0

1

h

∫

Ω

(
f(x1, . . . , xℓ + h, . . . , xn, y)− f(x1, . . . , xℓ, . . . , xn, y)

)
dy

= lim
h−→0

1

h

∫

Ω

xℓ+h∫

xℓ

(
∂xℓ

f
)
(x1, . . . , xℓ−1, s, xℓ+1, . . . , xn, y) ds dy

= lim
h−→0

1

h

xℓ+h∫

xℓ

∫

Ω

(
∂xℓ

f
)
(x1, . . . , xℓ−1, s, xℓ+1, . . . , xn, y) dy ds

=

∫

Ω

(
∂xℓ

f
)
(x, y) dy.
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4.2 Some Paley–Wiener theorems

The following classical result is e.g. Theorem 19.2 in Rudin’s textbook [35].

Theorem 14. A function f ∈ L2(R) is supported in [0,∞[ if and only if

its Fourier transform f̂ extends to an analytic function in the lower half-plane
{z ∈ C|ℑz < 0} and this continuation satisfies

sup
η∈R−

∥∥f̂(·+ iη)
∥∥
L2(R)

<∞.

The following Paley–Wiener theorem is e.g. Theorem XI.13 in [31, p. 18].

Theorem 15. Let γ0 ∈ R+, and let f ∈ L2(Rn). Then eγ〈·〉 f ∈ L2(Rn) for each

γ ∈ ]0, γ0[ if and only if the Fourier transform f̂ ∈ L2(Rn) extends analytically
to the set {ζ ∈ Cn||ℑζ| < γ0} so that, for each η ∈ Rn with |η| < γ0, we have

f̂(·+ iη) ∈ L2(Rn), and that for each γ ∈ ]0, γ0[,

sup
η∈R

n

|η|6γ

∥∥f̂(·+ iη)
∥∥
L2(Rn)

<∞.

4.3 Division by the symbol on the Fourier side

For the rest of this section we will simplify our notation by writing p for the
symbol polynomial 4π2

(
z21 + z22 + . . .+ z2n

)
. We shall also consider the level-set

manifolds

MR

λ = {ξ ∈ R
n | p(ξ) = λ} ,

and

MC

λ = {ζ ∈ C
n | p(ζ) = λ} ,

where λ ∈ R+, as usual.

Lemma 16. Let D ⊆ Cn be an open set such that MR

λ ⊆ D and MC

λ ∩ D is
connected. If f : D −→ C is analytic and vanishes on the real sphere MR

λ , then
f also vanishes in the intersection MC

λ ∩D and the expression f/(p − λ) gives
rise to an analytic function in D.

The proof is modelled after a portion of the proof of Lemma 2.5 in [29].
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Proof. Let ξ ∈ MR

λ be arbitrary. At least one coordinate of ξ must be non-
zero, say ξn 6= 0. Thus, we have ∇p = 8π2ξ 6= 0 at ξ, and by the inverse function
theorem, the mapping

ϕ = ζ 7−→ 〈ζ ′, p(ζ)− λ〉 : W −→ C
n

is a biholomorphic diffeomorphism between an open connected neighbourhood
W of ξ in D and ϕ[W ]. This particular mapping “straightens out” a portion of
the sphere around ξ:

ϕ
[
MC

λ ∩W
]
=
{
ζ ∈ ϕ[W ]

∣∣ ζn = 0
}
.

The function f◦ϕ−1 : ϕ
[
W
]
−→ C vanishes on ϕ

[
W
]
∩
(
Rn−1 × {0}

)
. There-

fore it also vanishes on ϕ
[
W
]
∩
(
Cn−1 × {0}

)
, which in turn implies that

f
∣∣
W

= f ◦ ϕ−1 ◦ ϕ

vanishes in MC

λ ∩W .
Now f vanishes in a neighbourhood of MR

λ in MC

λ ∩ D and must vanish
everywhere onMC

λ ∩D as an analytic function on a connected analytic manifold.
The second part of the lemma is proved by a similar reasoning. We pick

again an arbitrary point ξ, but this time from the complex sphere MC

λ ∩ D.
Again we will have a biholomorphic diffeomorphism ϕ from some open connected
neighbourhood W of ξ in D into ϕ[W ], given by the same expression as before.
Since f ◦ϕ−1 vanishes on ϕ[W ]∩

(
Cn−1 × {0}

)
, the expression

(
f ◦ ϕ−1

)
(ζ)/ζn

defines a function analytic in ϕ[W ]. Finally, we conclude that

f

p− λ
=

(
ζ 7−→

(
f ◦ ϕ−1

)
(ζ)

ζn

)
◦ ϕ

is analytic in W , and since ξ was arbitrary, and since f
p−λ is definitely analytic

outside of MC

λ , we are done.

4.4 Proving Theorems 4 and 5

The following proof works verbatim for both Theorems 4 and 5. The only
difference is in the reasons for the analytic continuations of f̂ . The proof is
modelled after the proof of Lemma 2.5 in [29] and the proof of Theorem 8.3 in
[16].

Taking Fourier transforms of both sides of the Helmholtz equation gives

(p− λ) û = f̂ ,
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which holds in Rn. A basic result in scattering theory, Theorem 14.3.6 from
[18], says that f̂

∣∣
MR

λ

≡ 0.

The assumptions on f guarantee that f̂ extends to an analytic function in

D =
{
ζ ∈ C

n
∣∣ |ℑζ| < γ0

}
,

where the constant γ0 ∈ R+ is the same as in the assumptions of the theorem.
For Theorems 4, this follows immediately from Theorem 15. For Theorem 5 we
use Theorem 13 which guarantees that the Fourier transform f̂ can be differen-
tiated under the integral sign and so, from the Cauchy–Riemann equations for
the integrand, we get the Cauchy–Riemann equations for f̂ .

In any case, combining the above facts with Lemma 16 leads to the conclu-
sion that the expression f̂/(p − λ) gives rise to an analytic function in D. In
particular, û has an analytic extension to D.

Next, let us fix a point ξ′ ∈ Bn−1(0,
√
λ/2π) ⊆ Rn−1. For clarity, we write

q(·) for p(ξ′, ·). Then q − λ is an entire function of one complex variable, and
its only zeroes are simple ones at the points

±µ = ± 1

2π

√
λ− 4π2 |ξ′|2.

Since f vanishes in Rn−1 × R−, the Fourier transform F ′f(ξ′, ·) vanishes in
R−, so that by Theorem 14 and the analytic extension of f̂ to D, f̂ has an
analytic extension in the last variable to R× i ]−∞, γ0[, and

∞∫

−∞

∣∣f̂(ξ′, ξn − iη)
∣∣2 dξn ≪

∞∫

−∞

∣∣f̂(ξ′, ξn)
∣∣2 dξn <∞

for all η ∈ R+. Of course, û(ξ′, ·) has an analytic extension to R× i ]−∞, γ0[ as
well.

Since |q(z)− λ| is bounded from below, when z ∈ C and ℑz < −1, we have

∞∫

−∞

∣∣û(ξ′, ξn − iη)
∣∣2 dξn =

∞∫

−∞

∣∣∣∣∣
f̂(ξ′, ξn − iη)

q(ξn − iη)− λ

∣∣∣∣∣

2

dξn ≪
∞∫

−∞

∣∣f̂(ξ′, ξn)
∣∣2 dξn,

whenever η ∈ [1,∞[. In the same vein, the expression




−2µ∫

−∞

+

∞∫

2µ


∣∣û(ξ′, ξn − iη)

∣∣2 dξn
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is also bounded by a constant independent of η, whenever η ∈ [0, 1[.

Also, since the function f̂(ξ′, ·)/(q−λ) is analytic in a neighbourhood of the
rectangle [−2µ, 2µ]× i [−1, 0] ⊆ C, it is bounded as well, and so

2µ∫

−2µ

∣∣û(ξ′, ξn − iη)
∣∣2 dξn

is bounded from above by something constant and independent of η, even for
η ∈ [0, 1[.

Now we are able to conclude from Theorem 14 that

F ′u(ξ′, xn) = F−1
n û(ξ′, xn) = 0

for all ξ′ ∈ Bn−1
(
0,

√
λ

2π

)
and xn ∈ R−. Since F ′u is analytic with respect to

the first n − 1 variables, F ′u(ξ′, xn) = 0 for all ξ′ ∈ Rn−1 and all xn ∈ R−.
Finally, taking F ′−1 gives the desired conclusion that u vanishes in Rn−1 ×R−.

5 Proof of Theorem 7

Let λ be a non-scattering energy for V . Then

{
(−∆+ V − λ) v = 0,
(−∆− λ)w = 0

in Rn for some v, w ∈ B∗
2 \ 0 with v − w ∈ B̊∗

2 . Now consider u = v − w, which
solves

(−∆− λ)u = −V v.

By Theorem 4, the assumptions of Theorem 7 and the unique continuation prin-
ciple for the Helmholtz equation, the function u vanishes in Rn\Ω. Furthermore,
Theorem 9 says that u belongs to the space H2

0 (Ω; e
γ〈·〉) with γ = γ0/2, which

is the closure of test functions u ∈ C∞
c (Ω) with respect to the weighted Sobolev

norm ∥∥eγ〈·〉u
∥∥+

∥∥eγ〈·〉∇u
∥∥+

∥∥eγ〈·〉∇⊗∇u
∥∥,

where ‖·‖ denotes the usual L2-norm.
We shall use H2

0 (Ω; e
γ〈·〉) as a quadratic form domain. As the ambient

Hilbert space we shall use the space L2(Ω; eγ〈·〉), defined in the obvious way by
the weighted norm

∥∥eγ〈·〉u
∥∥.
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Let us consider the composition of mappings

H2
0 (Ω; e

γ〈·〉) −→ H2
0 (Ω) −→ L2(Ω) −→ L2(Ω; eγ〈·〉),

where the middle mapping is the compact embedding, and the first and the last
mappings are just multiplication and division by eγ〈·〉, respectively. We easily
see that the first and last mappings are bounded, and so H2

0 (Ω; e
γ〈·〉) embeds

compactly into L2(Ω; eγ〈·〉).
We have now reduced the situation to a single fourth-order equation:

Lemma 17. Under the assumptions of Theorem 7, if λ ∈ R+ is a non-scattering
energy, then there exists a function u ∈ H2

0 (Ω; e
γ〈·〉) \ 0 solving the fourth-order

equation

(−∆+ V − λ)
1

V
(−∆− λ)u = 0 (1)

in Ω in the sense of distributions. Furthermore, this transition respects multi-
plicities.

The discreteness of non-scattering energies will therefore follow from the follow-
ing theorem.

Theorem 18. The set of real numbers λ for which the equation (1) has a non-
trivial H2

0 (Ω; e
γ〈·〉)-solution is a discrete subset of [0,∞[. For each such λ the

space of solutions is finite dimensional.

The operator on the left-hand side of (1) can be treated nicely via quadratic
forms, and for this purpose we define for each λ ∈ C the quadratic form

Qλ = u 7−→
〈
(−∆+ V − λ)u

∣∣∣∣
1

V
(−∆− λ)u

〉
: H2

0 (Ω; e
γ〈·〉) −→ C,

where the L2-inner product is linear in the second argument. The family
〈Qλ〉λ∈C has the pleasant properties enumerated in the theorem below. These
properties are analogous to a part of Theorem 4 of [46].

Theorem 19. 1. The quadratic forms Qλ form an entire self-adjoint ana-
lytic family of forms of type (a) with compact resolvent, and therefore
gives rise to a family of operators Tλ, which is an entire self-adjoint ana-
lytic family of operators of type (B) with compact resolvent.

2. Furthermore, there exists a sequence 〈µν(·)〉∞ν=1 of real-analytic functions
µν(·) : R −→ R such that, for real λ, the spectrum of Tλ, which consists
of a discrete set of real eigenvalues of finite multiplicity, consists of µ1(λ),
µ2(λ), . . . , including multiplicity.
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3. In addition, for any given T ∈ R+, there exists constant c ∈ R+ such that

∣∣µν(λ)− µν(0)
∣∣≪T e

c|λ| − 1

for all λ ∈ [−T, T ] and each ν ∈ Z+.

4. The pairs 〈λ, u〉 ∈ R × H2
0 (Ω; e

γ〈·〉) for which (1) holds, are in bijective
correspondence with the pairs 〈ν, λ〉 ∈ Z+ × R for which µν(λ) = 0.

Theorem 18 follows easily from these properties of Qλ: It is obvious that
zero is not an eigenvalue of Tλ for any negative real λ, as Qλ(u) > 0 for all
non-zero functions u ∈ DomQλ. Hence none of the functions µν(·) can vanish
identically, so that the set of zeroes of each of them is discrete. Why the union of
the zero sets can not have an accumulation point follows immediately from the
third statement above, which says that the functions µν(·) change their values
uniformly locally exponentially. That is, when the value of λ changes by a finite
amount, only finitely many µν(·) will have enough time to drop to zero, and the
discreteness has been obtained.

The proof of Theorem 19 depends heavily on the basic theory of quadratic
forms and analytic perturbation theory. For an excellent reference on these
topics, we recommend the book by Kato [20], in particular its Chapters VI and
VII.

As the arguments in [46], the proof of Theorem 4 there to be precise, work
verbatim in our case, except for the required weighted inequality, which is given
below, we simply refer the reader to [46]. The following weighted inequality
replaces Lemma 2 of [46].

Lemma 20. Let γ ∈ R+ with γ ≪n 1, and let us be given a compact subset
K ⊆ C. Then we have, for all λ ∈ K and all u ∈ C∞

c (Rn), the weighted
inequality

∥∥eγ〈·〉 u
∥∥+

∥∥eγ〈·〉 ∇u
∥∥+

∥∥eγ〈·〉 ∇⊗∇u
∥∥≪n,K

∥∥eγ〈·〉 (−∆− λ)u
∥∥+

∥∥eγ〈·〉 u
∥∥.

Proof. The elementary inequalities

〈·〉4 ≪
∣∣4π2 |·|2 + 1

∣∣2 ≪
∣∣4π2 |·|2 − λ

∣∣2 + |λ+ 1|2

imply that

∥∥u
∥∥+

∥∥∇u
∥∥+

∥∥∇⊗∇u
∥∥≪n

∥∥(−∆− λ)u
∥∥+ 〈λ〉

∥∥u
∥∥.
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Now we can introduce the exponential weights into this applying Leibniz’s rule:
∥∥eγ〈·〉 u

∥∥+
∥∥eγ〈·〉 ∇u

∥∥+
∥∥eγ〈·〉 ∇⊗∇u

∥∥

≪n

∥∥eγ〈·〉 u
∥∥+

∥∥∇
(
eγ〈·〉 u

)∥∥+
∥∥∇⊗∇

(
eγ〈·〉 u

)∥∥

+
∥∥(∇eγ〈·〉

)
u
∥∥+

∥∥(∇eγ〈·〉
)
⊗∇u

∥∥+
∥∥(∇⊗∇eγ〈·〉

)
u
∥∥

≪n

∥∥(−∆− λ)
(
eγ〈·〉 u

)∥∥+ 〈λ〉
∥∥eγ〈·〉 u

∥∥

+ γ
∥∥eγ〈·〉 u

∥∥+ γ
∥∥eγ〈·〉 ∇u

∥∥+
(
γ + γ2

) ∥∥eγ〈·〉 u
∥∥

≪n

∥∥eγ〈·〉 (−∆− λ)u
∥∥+

∥∥(∇eγ〈·〉
)
· ∇u

∥∥+
∥∥(∆eγ〈·〉

)
u
∥∥

+
(
〈λ〉+ γ + γ2

) ∥∥eγ〈·〉 u
∥∥+ γ

∥∥eγ〈·〉 ∇u
∥∥

≪n

∥∥eγ〈·〉 (−∆− λ)u
∥∥+

(
〈λ〉+ γ + γ2

) ∥∥eγ〈·〉 u
∥∥+ γ

∥∥eγ〈·〉 ∇u
∥∥.

Finally, the last term may be absorbed to the original left-hand side provided
that γ ≪n 1.

6 Proof of Theorem 8

We begin with the following analogue of the Paley–Wiener theorem on expo-
nential decay of the Fourier transform for functions defined in Zn. It could be
compared to, say, Theorem IX.13 of [31].

Theorem 21. Let f ∈ ℓ2(Zn) and let γ0 ∈ R+. Then eγ〈·〉f ∈ ℓ2(Zn) for
all γ ∈ ]0, γ0[ if and only if the function f̌ ∈ L2(Tn) extends to an analytic
function in {

z ∈ T
n
C

∣∣ |ℑz| < γ0/(2π)
}
.

Proof. First, let γ0 ∈ R+ and f ∈ ℓ2(Zn) be such that eγ〈·〉f ∈ ℓ2(Zn) for all
γ ∈ ]0, γ0[. Fix some γ ∈ ]0, γ0[. Then certainly eε〈ξ〉e2πη·ξf(ξ) ∈ ℓ2(Zn) for any
η ∈ Rn with |η| 6 γ/2π, for small ε ∈ R+, and the series

f̌(z) =
∑

ξ∈Zn

f(ξ) e(ξ · z)

clearly converges absolutely and uniformly for all z ∈ Tn
C
with |ℑz| 6 γ/2π, and

this limit must be analytic in z since each of the terms is.
Next, assume that f ∈ ℓ2(Zn) and γ0 ∈ R+ are such that f̌ ∈ L2(Rn)

extends to an analytic function in {z ∈ Tn
C
||ℑz| < γ0/2π}. Fix some γ ∈ ]0, γ0[.

Now the restriction of |f̌ | to the compact set {z ∈ Tn
C
||ℑz| 6 γ/2π} must be

uniformly bounded by some constant Cγ ∈ R+ only depending on γ.
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Then, for arbitrary y ∈ Rn with |y| = γ/2π, we may estimate, using Cauchy’s
integral theorem, that for any given ξ ∈ Zn,

f(ξ) =

∫

Tn

f̌(x) e(−x · ξ) dx

=

∫

Tn

f̌(x− iy) e
(
−(x− iy) · ξ)

)
dx

≪ e2πy·ξ
∫

Tn

∣∣f̌(x− iy)
∣∣ dx≪ e2πy·ξ Cγ .

Thus, we have
f(ξ) ≪γ inf

y∈R
n,

|y|=γ/2π

e2πy·ξ = e−γ|ξ|.

The following is, more or less, a discrete analogue of Theorem 9.

Theorem 22. Let f ∈ ℓ2(Zn) be such that eγ〈·〉f ∈ ℓ2(Zn) for all γ ∈ R+.
Also, let u : Zn −→ C be such that

1

R

∑

|ξ|6R

∣∣u(ξ)
∣∣2 −→ 0

as R −→ ∞. Finally, let λ ∈ ]0, n[, and assume that

(−∆disc − λ)u = f

in Zn. Then also eγ〈·〉u ∈ ℓ2(Zn) for all γ ∈ R+.

This follows easily: By Theorem 21 the Fourier series f̌ extends to an entire
function in Tn

C
. Furthermore,

(
h(x)− λ

)
ǔ = f̌

for x ∈ Tn, where

h(x) =
n∑

j=1

sin2
xj
2
.

We point out that even though u doesn’t strictly speaking belong to ℓ2, it is cer-
tainly at most polynomially growing, allowing us to consider ǔ as a distribution;
for more on this point of view, see e.g. Chapter 3 in the book [36].

53



Now the arguments of Section 4 of [19] show that ǔ extends to an entire
function in Tn

C
. Namely, the arguments in Section 4.1 do not involve f̌ at all,

and in Section 4.2, the proof of Lemma 4.3 only depends on the smoothness of
f̌ , and after Lemma 4.4, when the analytic continuation of ǔ is obtained, only
the analytic continuation of f̌ is required. Finally, the conclusion follows from
Theorem 21.

Proof of Theorem 8. We shall prove that u(0) = 0. Given a point ξ0 ∈ C,
the same argument applied to u(·+ ξ0) and f(·+ ξ0) shows that u(ξ0) = 0.

The idea is to apply the definition of ∆disc and the discrete Helmholtz equa-
tion in the form:

u(ξ) = (2n− 4λ) u(ξ+en)−u(ξ+2en)−
n−1∑

j=1

(
u(ξ+en+ej)+u(ξ+en−ej)

)
. (2)

This holds for all ξ ∈ C. Applying this once to u(0) gives 6 2n terms of the
form u(ξ) with ξ ∈ C and 1 6 ξn 6 2, with constant coefficients, each of which
has absolute value 6 2n.

Applying (2) again to all the terms of the previous step gives rise to 6 4n2

terms of the form u(ξ) with ξ ∈ C and 2 6 ξn 6 4, with coefficients of size
6 4n2.

Continuing in this manner, after N ∈ Z+ steps u(0) has been represented as
the sum of 6 (2n)N terms of the form u(ξ) with ξ ∈ C and N 6 ξn 6 2N , with
coefficients of size 6 (2n)N . Thus, by the triangle inequality,

|u(0)| 6 (2n)N (2n)N max
ξ∈C,

N6ξn62N

|u(ξ)| .

Theorem 22 tells us that u(ξ) ≪γ e
−γ〈ξ〉 for all ξ ∈ Zn and any fixed γ ∈ R+.

In particular,
u(0) ≪γ (4n2)N e−γN ,

and choosing γ > log 4n2 and letting N −→ ∞ gives the desired result.
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III. Strictly Convex Corners Scatter

Lassi Päivärinta∗, Mikko Salo†, Esa V. Vesalainen‡

Abstract

We prove the absence of non-scattering energies for potentials in the
plane having a corner of angle smaller than π. This extends the earlier
result of Bl̊asten, Päivärinta and Sylvester who considered rectangular
corners. In three dimensions, we prove a similar result for any potential
with a circular conic corner whose opening angle is outside a countable
subset of (0, π).

1 Introduction

1.1 Background

This article is concerned with non-scattering energies. These are energies λ > 0
for which there exists a nontrivial incident wave that does not scatter (equiva-
lently, the far field operator at energy λ > 0 has nontrivial kernel).

Certain reconstruction methods in inverse scattering theory, such as the
linear sampling method [CK96] or the factorization method [KN08], may fail at
non-scattering energies and therefore these energies are to be avoided. This has
led people to study the usually larger class of interior transmission eigenvalues
which first appeared in [CM88, Ki86]. For acoustic scattering, the transmission
eigenvalues often form an infinite discrete set [PS08, CGH10], and in recent years
they have been studied intensively. For more information about transmission
eigenvalues, we recommend the survey [CH13a] as well as the articles mentioned
in the recent editorial [CH13b] and their references.

Results on non-scattering energies appear to be scarce, apart from discrete-
ness results which follow from corresponding results for transmission eigenvalues.
For radial compactly supported potentials, the set of non-scattering energies
coincides with the infinite discrete set of transmission eigenvalues [CM88]. Non-
scattering energies are exactly those energies for which the scattering matrix has

∗Department of Mathematics and Statistics, University of Helsinki
†Department of Mathematics and Statistics, University of Jyväskylä
‡Department of Mathematics and Statistics, University of Helsinki
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1 as an eigenvalue, and [GH12] constructs C∞
c potentials with no non-scattering

energies.
It is relevant to mention here the related topic of transparent potentials.

These are nonzero potentials whose far field operator is identically zero at some
fixed energy λ, and thus no incident wave with energy λ scatters. Several
constructions of such radial potentials have been given, see e.g. the works [Re59,
Ne62, Sa66, GM86, GN95].

The recent work [BPS14] suggests that corner points in the scattering po-
tential always generate a scattered wave. More precisely, [BPS14] proves the
absence of non-scattering energies in acoustic scattering for certain contrasts
having corners with a right angle, i.e. for contrasts supported in a rectangle
K that do not vanish at a corner point of K. In this paper we extend this
result to corners with arbitrary opening angle < π in two dimensions. In three
dimensions, we prove that circular conic corner points with angle outside an at
most countable subset of (0, π) lead to absence of non-scattering energies. By
the “opening angle” of a cone

{
(x′, xn) ∈ R

n−1 × R
∣∣ |x′| ≤ cxn

}
,

say, where c ∈ R+, we mean the angle ϑ ∈ (0, π) such that tan(ϑ/2) = c.

1.2 Non-scattering energies

Let us state the precise definition of non-scattering energies. This notion makes
sense in the context of short range scattering theory in Rn, and we will formulate
our results using the notation of quantum mechanical scattering following [Hö83,
Chapter XIV]. We will discuss later the analogous case of acoustic scattering,
where the term non-scattering wavenumbers is more appropriate.

Let V be a short range potential, which in this paper will mean that V is in
L∞(Rn) and there are C > 0, ε > 0 such that

|V (x)| ≤ C〈x〉−1−ε a.e. in R
n.

Here we write 〈x〉 = (1+ |x|2)1/2. For any λ > 0 and g ∈ L2(Sn−1), we consider
the incident wave

u0(x) =

∫

Sn−1

ei
√
λx·ωg(ω) dω, (1.1)

which solves the free Schrödinger equation (−∆−λ)u0 = 0 in Rn. Corresponding
to the incident wave u0, there is a unique solution of the perturbed Schrödinger
equation

(−∆+ V − λ)u = 0 in R
n
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having the form
u = u0 + v,

where v satisfies the outgoing radiation condition. There are many equivalent
formulations of this condition that selects the unique outgoing solution of the
Schrödinger equation: we follow [Hö83] and say that v satisfies the outgoing
radiation condition if v = (−∆−λ−i0)−1f for some f in the Agmon–Hörmander
space B (see Section 2 for the precise definitions). The function v is called the
outgoing scattered wave corresponding to u0, and u is called the total wave.

If u0 corresponds to g ∈ L2(Sn−1) as above and if x = rθ where θ ∈ Sn−1,
then u0 has the following asymptotics as r → ∞:

u0(rθ) ∼ cr−
n−1

2 (ei
√
λrg(θ) + in−1e−i

√
λrg(−θ)).

The scattered wave v has the asymptotics

v(rθ) ∼ cr−
n−1

2 ei
√
λrAλg(θ)

where Aλ is the far field operator, which is a bounded linear operator

Aλ : L2(Sn−1) → L2(Sn−1).

The function Aλg is called the far field pattern of the scattered wave v. If the
far field pattern vanishes and additionally V is compactly supported, the Rellich
uniqueness theorem (see [Ve14] for references) implies that also the scattered
wave v must be compactly supported. Thus the vanishing of the far field pattern
may be interpreted so that the incident wave u0 does not produce any scattered
wave at infinity.

We may then divide all energies λ > 0 in two classes: those for which all
nontrivial incident waves scatter, and those for which there exist nontrivial
incident waves that cannot be observed at infinity. The latter case is the case
of non-scattering energies:

Definition. Let V be a short range potential in Rn. We say that λ > 0 is a
non-scattering energy for the potential V , if there exists a nonzero g ∈ L2(Sn−1)
for which Aλg = 0.

1.3 Main results

Our argument for the absence of non-scattering energies is based on suitable
complex geometrical optics solutions to the Schrödinger equation. Since these
solutions grow exponentially at infinity, it will be natural to assume that the
potentials satisfy a corresponding decay condition.
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Definition. V ∈ L∞(Rn) is called superexponentially decaying if for any γ > 0
there is Cγ > 0 such that |V (x)| ≤ Cγe

−γ|x| a.e. in Rn.

The main results of this paper are as follows. Below we will write χE for the
characteristic function of a set E and Cs(Rn) for the Hölder spaces with norm
(for 0 < s < 1)

‖f‖Cs = ‖f‖L∞ + sup
x 6=y

|f(x)− f(y)|
|x− y|s .

Theorem 1.1. Let V (x) = χC(x)ϕ(x) where C ⊂ R2 is a closed strictly con-
vex cone with its vertex at the origin, and ϕ is a superexponentially decaying
function in R2 such that 〈x〉αϕ ∈ Cs(R2) for some α > 5/3 and s > 0. Let also
ϕ(0) 6= 0. Then there are no non-scattering energies for the potential V .

Theorem 1.2. Let V (x) = χC(x)ϕ(x) where C ⊂ R3 is a closed circular
cone with opening angle γ ∈ (0, π) having its vertex at the origin, and ϕ is
a superexponentially decaying function in R3 such that 〈x〉αϕ ∈ Cs(R3) for
some α > 9/4 and s > 1/4. Let also ϕ(0) 6= 0.

There exists an at most countable subset E ⊂ (0, π) such that if V is as
above and if γ ∈ (0, π) \ E, then there are no non-scattering energies for the
potential V .

Remark. The technical conditions for ϕ in the above theorems are satisfied
for instance if ϕ is a compactly supported s-Hölder continuous function in Rn

where s > 0 if n = 2 or s > 1/4 if n = 3.

The above theorems also imply analogous statements in acoustic scattering.
In this case we consider Rn as a medium where acoustic waves propagate, and
the refractive index of the medium is assumed to be (1+m)1/2 where the contrast
m satisfies the short range condition (one often writes n2 = 1+m where n is the
refractive index). Let k > 0 be a wavenumber, and write λ = k2. We consider
an incident wave u0 as in (1.1) solving (−∆ − k2)u0 = 0 in Rn. There is a
corresponding total wave u = u0 + v that solves

(−∆− k2(1 +m))u = 0 in R
n,

where the scattered wave v satisfies the outgoing radiation condition.
Now, we say that k > 0 is a non-scattering wavenumber for the contrast

m if there is a nontrivial incident wave u0 such that the scattered wave v has
trivial asymptotics at infinity. The proofs of Theorems 1.1 and 1.2 apply in this
situation, and we obtain corresponding results which state the absence of non-
scattering wavenumbers for contrasts m that satisfy exactly the same conditions
as the potentials V .
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We mention that the method of complex geometrical optics solutions that is
used for proving the above theorems has a long history both in inverse scatter-
ing problems [NK87, Na88, No88, Ra88] and inverse boundary value problems
[Ca80, SU87]. See [No08, Uh09] for further references.

1.4 Structure of argument

We follow the approach of [BPS14] and argue by contradiction. Assume that
λ ∈ R+ is a non-scattering energy for the potential V . Then, we have nontrivial
solutions w, v0 ∈ B∗

2 to

(−∆+ V − λ)w = 0, and (−∆− λ) v0 = 0

in Rn, satisfying w − v0 ∈ B̊∗
2 . Since v0 is real analytic, the lowest degree non-

vanishing terms in its Taylor series at the origin form a harmonic homogeneous
polynomial H(x) 6≡ 0 of degree N ≥ 0. The desired contradiction will be
obtained by showing that H(x) ≡ 0.

It is proved in Section 2 that for non-scattering energies λ,

∫

Rn

V uv0 = 0

for any u ∈ eγ〈·〉L2(Rn) solving (−∆+V −λ)u = 0, where γ ∈ R+ is arbitrary.
In Section 3, we shall discuss the existence of solutions of the form u =

e−ρ·x (1 + ψ) to (−∆ + V − λ)u = 0 for ρ ∈ Cn with ρ · ρ = −λ and ψ
being well controlled as |ρ| −→ ∞. In Section 4 we show that substituting the
complex geometrical optics to the above integral identity implies the vanishing
of a certain Laplace transform. More precisely, after some estimations we see
that ∫

C

e−ρ·xH(x) dx . |ρ|−N−2−β
,

for some small β ∈ R+, as |ρ| −→ ∞, and we restrict to a suitable subset of
vectors ρ ∈ Cn with ρ · ρ = −λ. On the other hand, from the homogeneity of
H(x), we see that

∫

C

e−ρ·xH(x) dx = |ρ|−N−2
∫

C

e−ρ/|ρ|·xH(x) dx,

for the same ρ as before. The last two estimates turn out to be compatible only
if ∫

C

e−ρ·xH(x) dx = 0
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for certain vectors ρ ∈ Cn with ρ · ρ = 0 (as opposed to ρ · ρ = −λ). The last
identity asserts the vanishing of the Laplace transform of χCH, where H is a
harmonic homogeneous polynomial and χC is the characteristic function of the
cone C, for certain complex vectors.

Up to this point, we have closely followed the approach of [BPS14]. We
now depart from this approach and move to polar coordinates in the Laplace
transform identity. This implies the vanishing of the following integrals over a
spherical cap for certain ρ ∈ Cn:

∫

C∩Sn−1

(ρ · x)−N−nH(x) dS(x) = 0.

As a restriction of a harmonic homogeneous polynomial, H can be expanded in
terms of spherical harmonics of fixed degree. The main difference between our
approach and [BPS14] is that we will perform computations in terms of these
spherical harmonics.

In Section 5 we discuss the case n = 2, which is particularly simple. There
H(x) must be of the form a(x+ iy)N + b(x− iy)N for some constants a, b ∈ C.
When this is inserted in the above vanishing relation, the ensuing integrals
can be evaluated explicitly and one obtains a concrete homogeneous linear pair
of equations for a and b. It is not difficult to prove that the corresponding
determinant is nonzero, and so we conclude that a = b = 0 and H(x) ≡ 0 as
desired.

Section 6 considers the three-dimensional case. The polynomial H(x) can be
written as a finite linear combination of spherical harmonics, and one can again
obtain a homogeneous linear system; this time the “unknowns” are the constant
coefficients multiplied by certain concrete but complicated integrals, and the
determinant of the system can be arranged to be a Vandermonde determinant.
Thus, the vanishing of the coefficients of H(x) is reduced to proving that all
of these complicated integrals are nonzero. It is not clear to us how to do so.
However, the integrals depend analytically on the opening angle, and we can
prove that they are not identically zero as functions of the opening angle. In
this way we get the desired contradiction when the opening angle is outside
some at most countable set of exceptional angles.

We remark that there are two complications in extending the methods to
dimensions n ≥ 4. First of all, the construction of complex geometrical op-
tics solutions is carried out by a Neumann series argument where the potential
V appears as a pointwise multiplier. The fact that V is not very regular (it
is essentially the characteristic function of a cone) implies that our construc-
tion of complex geometrical optics solutions, which is based on Lp estimates
from [KRS87] that were also used in an early version of [BPS14], only gives
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good enough estimates when n = 2, 3. In [BPS14] another construction of so-
lutions was employed, this construction works when n ≥ 2 but seems to apply
to “polygonal” cones instead of the circular cones that we use. The second
complication is related to the more complex structure of spherical harmonics in
high dimensions, which makes the resulting integrals difficult to evaluate.
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2 Short range scattering

In this section we recall some basic facts in short range scattering theory that
are required for the setup in this paper. The following proposition is the main
result in this section, and only its statement will be used in the subsequent
sections.

Proposition 2.1. Let V be a superexponentially decaying potential. If λ > 0
is a non-scattering energy for V , then

∫

Rn

V uv0 dx = 0

for some nontrivial solution v0 ∈ B∗ of (−∆ − λ)v0 = 0 in Rn, and for all
u ∈ L2

loc(R
n) such that (−∆+V −λ)u = 0 in Rn and u ∈ eγ〈x〉L2(Rn) for some

γ > 0.

The results in this section are stated in terms of Agmon–Hörmander spaces B
and B∗. The basic reference is [Hö83, Chapter XIV]. However, most of the next
results are also contained in [PSU10] (see also [Me95], [UV02]) in a convenient
form. Thus the reader may refer to [PSU10] for proofs and further details on
the statements in this section.
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2.1 Function spaces

The space B (see [Hö83, Section 14.1]) is the set of those u ∈ L2(Rn) for which
the norm

‖u‖B =
∞∑

j=1

(2j−1

∫

Xj

|u|2 dx)1/2

is finite. Here X1 = {|x| < 1} and Xj = {2j−2 < |x| < 2j−1} for j ≥ 2. This is
a Banach space whose dual B∗ consists of all u ∈ L2

loc(R
n) such that

‖u‖B∗ = sup
R>1

[
1

R

∫

|x|<R
|u|2 dx

]1/2
<∞.

The set C∞
c (Rn) is dense in B but not in B∗. The closure in B∗ is denoted by

B̊∗, and u ∈ B∗ belongs to B̊∗ if and only if

lim
R→∞

1

R

∫

|x|<R
|u|2 dx = 0.

We will also need the Sobolev space variant B∗
2 of B∗, defined via the norm

‖u‖B∗

2
=
∑

|α|≤2

‖Dαu‖B∗ .

If λ > 0 we will consider the sphere Mλ = {ξ ∈ Rn ; |ξ| =
√
λ} with

Euclidean surface measure dSλ. The corresponding L2 space is L2(Mλ) =
L2(Mλ, dSλ), and of course L2(Sn−1) = L2(M1).

2.2 Scattering solutions

We consider scattering in Rn with respect to incident waves u0 with fixed energy
λ > 0, where u0 has the form

u0 = P0(λ)g, g ∈ L2(Mλ).

Here P0(λ) is the Poisson operator

P0(λ)g(x) =
i

(2π)n−1

∫

Mλ

eix·ξg(ξ)
dSλ(ξ)

2
√
λ
, x ∈ R

n.

Thus u0 is a Herglotz wave corresponding to a pattern g at infinity. The function
u0 belongs to B∗

2 and it satisfies the Helmholtz equation

(−∆− λ)u0 = 0 in R
n.
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Now consider quantum scattering in Rn where the medium properties are
described by a short range potential V . By this we mean that V ∈ L∞(Rn) is
real valued, and for some C > 0, ε > 0 one has

|V (x)| ≤ C〈x〉−1−ε for a.e. x ∈ R
n.

The outgoing resolvent RV (λ + i0) = (−∆ + V − λ − i0)−1 is well defined for
all λ > 0, and it is a bounded operator

RV (λ+ i0) : B → B∗
2 .

For any incoming wave u0 = P0(λ)g where g ∈ L2(Mλ), there is a unique
total wave u solving the equation

(−∆+ V − λ)u = 0 in R
n

such that u = u0 + v where v is outgoing (meaning that v = R0(λ + i0)f for
some f ∈ B). In fact, if u0 = P0(λ)g, then one has

u = PV (λ)g

where PV (λ) : L
2(Mλ) → B∗

2(R
n) is the outgoing Poisson operator

PV (λ)g = P0(λ)g −RV (λ+ i0)(V P0(λ)g).

2.3 Asymptotics

We write u ∼ u0 to denote that u−u0 ∈ B̊∗, which is interpreted so that u and
u0 have the same asymptotics at infinity. Now if g ∈ L2(Mλ), then PV (λ)g has
asymptotics

PV (λ)g ∼ cλr
−n−1

2

[
ei

√
λr(SV (λ)g)(

√
λθ) + in−1e−i

√
λrg(−

√
λθ)
]

as r = |x| → ∞, where x = rθ and cλ = (
√
λ/2πi)

n−3

2 /4π. Here

SV (λ) : L
2(Mλ) → L2(Mλ)

is the scattering matrix for V at energy λ. It is a unitary operator, SV (λ)
∗SV (λ) =

Id, and if V = 0 one has S0(λ) = Id. The operator

AV (λ) = SV (λ)− S0(λ) : L
2(Mλ) → L2(Mλ)

is called the far field operator, and AV (λ)g is the far field pattern of the outgoing
scattered wave v at infinity.

66



Recall from the introduction that if λ > 0 is such that there exists a non-
trivial Herglotz wave v0 = P0(λ)g for which the far field pattern AV (λ)g is
identically zero, we say that λ is a non-scattering energy. Thus, λ is a non-
scattering energy if and only if there is a nontrivial function g ∈ L2(Mλ) such
that

(SV (λ)− S0(λ))g = 0.

2.4 Orthogonality identities

We now recall the ”boundary pairing” for scattering solutions [Me95], [PSU10,
Proposition 2.3].

Proposition 2.2. Let u, v ∈ B∗ and (H0 − λ)u ∈ B, (H0 − λ)v ∈ B. If u and
v have the asymptotics

u ∼ r−
n−1

2

[
ei

√
λrg+(

√
λθ) + e−i

√
λrg−(−

√
λθ)
]
,

v ∼ r−
n−1

2

[
ei

√
λrh+(

√
λθ) + e−i

√
λrh−(−

√
λθ)
]

for some g±, h± ∈ L2(Mλ), then

(u|(H0 − λ)v)Rn − ((H0 − λ)u|v)Rn

= 2iλ−
n−2

2 [(g+|h+)Mλ
− (g−|h−)Mλ

] .

Here (u|v)Rn =
∫
Rn uv̄ dx and (g|h)Mλ

=
∫
Mλ

gh̄ dSλ.

As a consequence, the existence of a nontrivial g ∈ L2(Mλ) for which
AV (λ)g = 0 is characterized by the following orthogonality identity:

Proposition 2.3. Let V be a short range potential, let λ > 0, and let g ∈
L2(Mλ). Then AV (λ)g = 0 if and only if for all f ∈ L2(Mλ) one has

∫

Rn

V uv0 dx = 0

where u = PV (λ)f and v0 = P0(λ)g.

Proof. Apply Proposition 2.2 with u = PV (λ)SV (λ)
∗f and v = v0 to obtain

∫

Rn

V uv0 dx = 2iλ−
n−2

2 c2λ

[
(SV (λ)SV (λ)

∗f |g)Mλ
− (SV (λ)

∗f |g)Mλ

]

= −2iλ−
n−2

2 c2λ(f |(SV (λ)− S0(λ))g)Mλ
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since SV (λ) is unitary and S0(λ) = Id. Now AV (λ)g = 0 if and only if the
integral over Rn vanishes for all f ∈ L2(Mλ).

The last proposition shows that if AV (λ)g = 0, then the function V v0 where
v0 = P0(λ)g is orthogonal to all scattering solutions PV (λ)f where f ∈ L2(Mλ).
It is well known that if V has certain decay properties, then solutions of (−∆+
V −λ)u = 0 satisfying corresponding growth conditions can be approximated by
scattering solutions. The next result from [UV02] (see also [PSU10, Proposition
2.4]) concerns exponentially decaying potentials.

Proposition 2.4. Assume that V ∈ L∞(Rn) satisfies |V (x)| ≤ Ce−γ0〈x〉 for
some γ0 > 0. Let 0 < γ < γ0. Given any u ∈ eγ〈x〉L2 with (−∆+ V − λ)u = 0,
there exist gj ∈ L2(Mλ) such that PV (λ)gj → u in eγ0〈x〉L2.

We will later want to use complex geometrical optics solutions u. Since these
may have arbitrarily large exponential growth, it is natural to assume that the
potential is superexponentially decaying.

Proposition 2.5. Let V be a superexponentially decaying potential, let λ > 0,
and let g ∈ L2(Mλ). Then AV (λ)g = 0 if and only if one has

∫

Rn

V uv0 dx = 0

for v0 = P0(λ)g and for all u ∈ L2
loc(R

n) such that (−∆ + V − λ)u = 0 in Rn

and u ∈ eγ〈x〉L2(Rn) for some γ > 0.

Proof. Follows by combining Propositions 2.3 and 2.4.

Proof of Proposition 2.1. Follows immediately from Proposition 2.5.

3 Complex geometrical optics solutions

By Proposition 2.1 we know that if V is superexponentially decaying and if
λ > 0 is a non-scattering energy for V , then there exists a nontrivial v0 ∈ B∗

satisfying (−∆− λ)v0 = 0 such that we have

∫

Rn

V uv0 dx = 0

for any exponentially growing solution u of (−∆+ V − λ)u = 0.
We will employ complex geometrical optics solutions as the solutions u above.

It will be important to have Lq estimates for large q with suitable decay for the
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remainder term ψ in these solutions. In [BPS14], such solutions were constructed
in all dimensions n ≥ 2 but for “polygonal” cones C (that is, the cross-section of
the cone is a polygon). For our higher dimensional result it is more convenient
to use circular cones, and it turns out that the argument of [BPS14] is not valid
in this case. Therefore we base our construction on certain Lp estimates from
[KRS87]. This argument gives sufficient estimates for n = 2, 3 but not for n ≥ 4.

Theorem 3.1. Let λ > 0, assume that n ∈ {2, 3}, and let q = 2(n+1)
n−1 . Let

V (x) = χC(x)ϕ(x) where C ⊂ Rn is a closed circular cone with opening angle
< π, and where ϕ satisfies 〈x〉αϕ ∈ Cs(Rn) for some α > 5/3 and s > 0 if n = 2
(resp. α > 9/4 and s > 1/4 if n = 3).

If ρ ∈ Cn satisfies ρ · ρ = −λ and |Im(ρ)| is sufficiently large, there is a
solution of

(−∆+ V − λ)u = 0 in R
n

of the form u = e−ρ·x(1 + ψ), where ψ satisfies for some δ > 0

‖ψ‖Lq(Rn) = O(|Im(ρ)|−n/q−δ) as |ρ| → ∞.

We begin by stating some a priori inequalities. Below we will write D =
−i∇, S will be the space of Schwartz test functions, and Hs,p for s ∈ R and
1 < p < ∞ will be the Bessel potential space with norm ‖u‖Hs,p = ‖〈D〉sf‖Lp

with 〈D〉 = (1 +D2)1/2. Also, r′ will denote the Hölder conjugate exponent of
r (so that 1/r + 1/r′ = 1).

Proposition 3.2. Let n ≥ 2, let 1 < r < 2, and assume that

1

r
− 1

r′
∈





[
2

n+1 ,
2
n

]
if n ≥ 3,

[
2

n+1 ,
2
n

)
if n = 2.

There is a constant M > 0 such that for any ζ ∈ Cn with Re(ζ) 6= 0, one has

‖f‖Lr′ ≤M |Re(ζ)|n(1/r−1/r′)−2‖(−∆+ 2ζ ·D)f‖Lr , f ∈ S .

Proof. This is a consequence of the uniform Sobolev inequalities in [KRS87]. In
particular, the case n ≥ 3 follows from [KRS87, Theorem 2.4] after dilations
and conjugations by the exponentials e±iRe(ζ)·x. For the case n = 2 and more
details, see [Ru02, Section 5.3].

The next result shows solvability for an inhomogeneous equation related to
complex geometrical optics solutions.
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Proposition 3.3. Let n ≥ 2, let 1 < r < 2, and assume that

1

r
− 1

r′
∈
[

2

n+ 1
,
2

n

)
.

Let s ∈ R, and let V be a measurable function in Rn satisfying the following
multiplier property for some constant A > 0:

‖V f‖Hs,r ≤ A‖f‖Hs,r′ , f ∈ S .

There exist constants C > 0 and R > 0 such that whenever ζ ∈ Cn satisfies
|Re(ζ)| ≥ R, then for any f ∈ Hs,r(Rn) the equation

(−∆+ 2ζ ·D + V )u = f in R
n

has a solution u ∈ Hs,r′(Rn) satisfying

‖u‖Hs,r′ ≤ C|Re(ζ)|n(1/r−1/r′)−2‖f‖Hs,r .

Proof. Let ζ ∈ Cn with Re(ζ) 6= 0. We will use a standard duality argument to
obtain a solvability result from the a priori estimates in Proposition 3.2. Write
P = (−∆ + 2ζ · D), so the formal adjoint is P ∗ = (−∆ + 2ζ · D). Applying
Proposition 3.2 to 〈D〉−sw, we have the inequality

‖w‖H−s,r′ ≤M |Re(ζ)|n(1/r−1/r′)−2‖P ∗w‖H−s,r , w ∈ S . (3.1)

Fix f ∈ Hs,r and define a linear functional

l : P ∗(S ) ⊂ H−s,r → C, l(P ∗w) = (w, f)

where ( · , · ) is the distributional pairing, defined to be conjugate linear in the
second argument. By (3.1) any element of P ∗(S ) has a unique representation
as P ∗w for some w ∈ S , so l is well defined and satisfies

|l(P ∗w)| = |(w, f)| ≤ ‖w‖H−s,r′ ‖f‖Hs,r

≤M |Re(ζ)|n(1/r−1/r′)−2‖f‖Hs,r‖P ∗w‖H−s,r .

By Hahn-Banach we may extend l as a continuous linear functional l̄ : H−s,r →
C with the same norm bound, and by duality there is v ∈ Hs,r′ such that
l̄(w) = (w, v) for w ∈ H−s,r and

‖v‖Hs,r′ ≤M |Re(ζ)|n(1/r−1/r′)−2‖f‖Hs,r .
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If w ∈ S we have

(w,Pv) = (P ∗w, v) = l̄(P ∗w) = l(P ∗w) = (w, f)

so that Pv = f .
By the above argument, for any s ∈ R there is a linear operator

Gζ : H
s,r → Hs,r′ , f 7→ v

where v solves (−∆+ 2ζ ·D)v = f , and one has the norm estimate

‖Gζf‖Hs,r′ ≤M |Re(ζ)|n(1/r−1/r′)−2‖f‖Hs,r .

This proves the result in the case V = 0.
Let us now consider nonzero V . Notice that one has

‖V Gζf‖Hs,r ≤ AM |Re(ζ)|n(1/r−1/r′)−2‖f‖Hs,r .

Since n(1/r−1/r′)−2 < 0, we may chooseR > 0 so that it satisfiesAMRn(1/r−1/r′)−2 =
1/2. Assuming that |Re(ζ)| ≥ R, we have

‖V Gζf‖Hs,r ≤ 1

2
‖f‖Hs,r .

Now, we can solve (−∆ + 2ζ · D + V )u = f by taking u = Gζv where v is a
solution of

(Id + V Gζ)v = f.

By the above estimate, this equation for v can be solved by Neumann series
and one has ‖v‖Hs,r ≤ 2‖f‖Hs,r . Then u = Gζv is the required solution and it
satisfies

‖u‖Hs,r′ ≤M |Re(ζ)|n(1/r−1/r′)−2‖v‖Hs,r

≤ 2M |Re(ζ)|n(1/r−1/r′)−2‖f‖Hs,r .

Proposition 3.4. Let n ∈ {2, 3}, let r = 2(n+1)
n+3 so that r′ = 2(n+1)

n−1 , and
assume that V (x) = χC(x)ϕ(x) where C ⊂ Rn is a closed circular cone with
opening angle < π and 〈x〉αϕ ∈ Cs(Rn) for some α > 5/3 and 0 < s < 1/2 if
n = 2 (respectively α > 9/4 and 1/4 < s < 1/2 if n = 3). Then V ∈ Hs−ε,r(Rn)
for any ε > 0, and there is a constant A > 0 such that

‖V f‖Hs−ε,r ≤ A‖f‖Hs−ε,r′ .
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Proof. We write V = ϕ̃g where

ϕ̃(x) = 〈x〉αϕ(x),
g(x) = 〈x〉−αχC(x).

Also write q = r′ and q̃ = q
q−2 , so that

(q, q′, q̃) =

{
(6, 6/5, 3/2) if n = 2,
(4, 4/3, 2) if n = 3.

We first observe that, by assumption,

ϕ̃ ∈ Cs(Rn).

Next, note that Proposition 3.7 gives that

g ∈ Hτ,p(Rn) if 1 < p ≤ 2, α > n/p, τ < 1/2.

The assumption on α implies

g ∈ Hs,q̃ ∩Hs,q′(Rn).

Since functions in Cs(Rn) act as pointwise multipliers on Hs−ε,p(Rn) for any
ε > 0 and 1 < p <∞ [Tr92, Section 4.2], we have

V ∈ Hs−ε,q̃ ∩Hs−ε,q′(Rn).

Proposition 3.5 then implies that

‖V f‖Hs−ε,q′ ≤ A‖f‖Hs−ε,q .

Proposition 3.5. Let F ∈ Hτ,p̃(Rn) where τ ∈ [0, 1] and p̃ = p/(p − 2), and
p ≥ 2. Then the pointwise multiplier TF = f 7−→ Ff maps

TF : Hτ,p(Rn) −→ Hτ,p′(Rn)

continuously.

For the proof of Proposition 3.5, we need the following well-known theorem on
bilinear complex interpolation.

Theorem 3.6. Let (A0, A1), (B0, B1), (C0, C1) be compatible Banach couples.
Assume that

T : (A0 ∩A1)× (B0 ∩B1) −→ C0 ∩ C1
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is bilinear and one has the bounds

‖T (a, b)‖Cj
≤Mj‖a‖Aj

‖b‖Bj

for a ∈ A0 ∩A1, b ∈ B0 ∩B1, j = 0, 1. Then the operator

T : [A0, A1]ϑ × [B0, B1]ϑ −→ [C0, C1]ϑ

is bounded for all ϑ ∈ (0, 1) with norm ≤ M1−ϑ
0 Mϑ

1 , where [·, ·]ϑ denotes the
usual complex interpolation spaces.

This is a special case of e.g. Theorem 4.4.1 in [BL76], see also the original
theorem due to Calderón [Ca64].

Proof of Proposition 3.5. We first show that if f ∈ Lp(Rn) and g ∈ Lp̃(Rn),
where p ≥ 2 and p̃ = p/(p− 2), then

fg ∈ Lp
′

(Rn) and
∥∥fg

∥∥
Lp′ (Rn)

≤
∥∥f
∥∥
Lp(Rn)

∥∥g
∥∥
Lp̃(Rn)

. (∗)

We use Hölder’s inequality with q = p/p′ = p − 1 and q′ = (p − 1)/(p − 2), so
that ∫

Rn

|fg|p
′

≤
( ∫

Rn

|f |p
′q

)1/q ( ∫

Rn

|g|p
′q′
)1/q′

.

Now p′q = p and p′q′ = p̃ and (∗) follows.
Write T (f, g) = fg, so that TF (f) = T (f, F ). We show that

a) T : Lp(Rn)× Lp̃(Rn) −→ Lp
′

(Rn) and

b) T : H1,p(Rn)×H1,p̃(Rn) −→ H1,p′(Rn)

continuously, and the the claim of Proposition 3.5 follows from Theorem 3.6.

But a) is just (∗) and if f ∈ H1,p(Rn) and g ∈ H1,p̃(Rn), then we have

∇(fg) = (∇f)g + f(∇g),

and b) follows from (∗).

Proposition 3.7. Let c > 0 and let C be the circular cone

C =
{
(x′, xn) ∈ R

n−1 × R
∣∣ |x′| ≤ cxn

}
.

Then 〈x〉−αχC(x) belongs to Hτ,p(Rn) if 1 < p ≤ 2, α > n/p, τ < 1/2.
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Proposition 3.8. Let c > 0 and let C be the circular cone

C =
{
(x′, xn) ∈ R

n−1 × R
∣∣ |x′| ≤ cxn and xn ≤ 1

}
.

Then χC ∈ Hτ,p(Rn) for τ ∈ [0, 1/2) and p ∈ (1, 2].

It is useful to first consider the easier case of characteristic functions of finite
straight cylinders.

Proposition 3.9. Let C ′ be the finite straight cylinder

C ′ =
{
(x′, xn) ∈ R

n−1 × R
∣∣ |x′| ≤ 1 and |xn| ≤ 1

}
,

where n ≥ 2. Then the characteristic function χC′ belongs to Hτ,p(Rn) for all
τ ∈ [0, 1/2) and p ∈ (1, 2].

Proof. The point is that we can compute the Fourier transform of χC′ explicitly.
First, since χC′ ∈ L1(Rn), the Fourier transform χ̂C′ is continuous, and there
are no singularities. Thus, only the decay of χ̂C′ needs to be considered.

Next, using the usual radial Fourier transform (see e.g. Sect. §IV.3 in [SW71]),
and the fact that

d

dx
(xν Jν(x)) = xν Jν−1(x),

(see e.g. [Le72], Section 5.2), we can compute the Fourier transform of the
characteristic function of the ball B = Bm(0, 1) ⊂ Rm for m ≥ 2,

χ̂B(ξ
′) =

∫

|x′|<1

e−ix
′·ξ′ dx′ = (2π)m/2

∫ 1

0

Jm/2−1(|ξ′| s) sm/2 ds

= (2π)m/2 |ξ′|−m/2
∫ 1

0

(|ξ′| s)m/2 Jm/2−1(|ξ′| s) ds

= (2π)m/2 |ξ′|−m/2 (|ξ′| s) Jm/2(|ξ′| s)
|ξ′|

]s=1

0

= (2π)m/2 |ξ′|−m/2 Jm/2(|ξ′|)

for all ξ′ ∈ Rm \ 0. By the asymptotics of J-Bessel functions (see e.g. [Le72],

Section 5.11), this is . 〈ξ′〉−m/2−1/2
for large |ξ′|. Similarly, for ξ ∈ R \ 0, we

get

χ̂[−1,1](ξ) =
2 sin ξ

ξ
,

and this is . 〈ξ〉−1
for large ξ.
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Finally, since χC′(x′, xn) = χB(x
′)χ[−1,1](xn) where B is the unit ball in

Rn−1, we have

|χ̂C′(ξ′, ξn)| = |χ̂B(ξ′)| |χ̂[−1,1](ξn)| . 〈ξ′〉−n/2〈ξn〉−1.

Thus we can estimate

∥∥χC′

∥∥2
Hτ,2(Rn)

=

∫

Rn

〈ξ〉2τ |χ̂C′(ξ′, ξn)|2 dξ′ dξn

.

∫

Rn−1

〈ξ′〉2τ 〈ξ′〉−n dξ′
∫

R

〈ξn〉2τ 〈ξn〉−2
dξn,

and this product is finite for any τ < 1/2, so χC′ ∈ Hτ,2 for τ < 1/2.
More generally, choose a fixed ϕ ∈ C∞

c (Rn) such that χC′ = ϕχC′ , and note
that for 1 < p ≤ 2 we have by the Hölder inequality

‖ϕf‖Hk,p ≤ Cϕ‖f‖Hk,2 , k = 0, 1.

By interpolation, multiplication by ϕ maps Hs,2 to Hs,p for 0 < s < 1, so we
have χC′ ∈ Hτ,p for τ < 1/2 and 1 < p ≤ 2.

Proof of Proposition 3.8. So, let τ < 1/2. Through a simple change of variables,
it is enough to consider the cone

C =
{
(x′, xn) ∈ R

n−1 × R
∣∣ |x′| ≤ xn ≤ 1

}
.

We shall break this cone into pieces of the form

C(α, β) =
{
(x′, xn) ∈ C

∣∣ α ≤ xn ≤ β
}
,

where α, β ∈ R+. By a simple change of variables, Prop. 3.9 shows that
χC(1/2,1) ∈ Hτ,p(Rn). Since

χC(1/4,1/2) = χC(1/2,1)(2·), χC(1/8,1/4) = χC(1/2,1)(4·), . . . ,

we also have

χC(1/2,1), χC(1/4,1/2), χC(1/8,1/4), . . . ∈ Hτ,p(Rn),

and

χC =
∞∑

j=1

χC(2−j ,21−j),

in the sense of distributions, and so it suffices to prove that this series converges
in Hτ,p(Rn). Finally, this follows from the scaling of the Sobolev norm, see
Proposition 3.10 below.
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Proposition 3.10. Let τ ∈ [0, 1], p ∈ (1,∞), and let ψ ∈ Hτ,p(Rn). Then, for
λ ∈ [1,∞), ∥∥ψ(λ·)

∥∥
Hτ,p(Rn)

. λτ−n/p
∥∥ψ
∥∥
Hτ,p(Rn)

,

and for λ ∈ (0, 1],
∥∥ψ(λ·)

∥∥
Hτ,p(Rn)

. λ−n/p
∥∥ψ
∥∥
Hτ,p(Rn)

.

Proof. The result follows from complex interpolation once the cases τ = 0 and
τ = 1 have been dealt with. The case τ = 0 follows immediately from

∥∥ψ(λ·)
∥∥
Lp(Rn)

= λ−n/p
∥∥ψ
∥∥
Lp(Rn)

.

When τ = 1, we have

∥∥ψ(λ·)
∥∥
H1,p(Rn)

.
∥∥ψ(λ·)

∥∥
Lp(Rn)

+
n∑

j=1

∥∥∂j(ψ(λ·))
∥∥
Lp(Rn)

= λ−n/p
∥∥ψ
∥∥
Lp(Rn)

+ λ

n∑

j=1

∥∥(∂jψ)(λ·)
∥∥
Lp(Rn)

≤ max
{
λ−n/p, λ1−n/p

}∥∥ψ
∥∥
H1,p(Rn)

.

Proof of Proposition 3.7. We continue to use the notation C(α, β) from the
proof of Proposition 3.8. Proposition 3.8 tells us that χC(0,1) ∈ Hτ,p(Rn),

and since 〈·〉−α ∈ C∞(Rn), also 〈·〉−α χC(0,1) ∈ Hτ,p(Rn).

Thus, it suffices to prove that 〈·〉−α χC(1,∞) ∈ Hτ,p(Rn). We split this into
series ∞∑

j=0

〈·〉−α χC(2j ,2j+1) =

∞∑

j=0

〈·〉−α χC(1,2)

( ·
2j

)
,

and each of the individual terms belongs to Hτ,p(Rn), and so it only remains to
prove that the series converges in Hτ,p(Rn). For this purpose, let ϕ ∈ C∞

c (Rn)
be such that ϕ ≡ 1 on suppχC(1,2) and such that ϕ is supported on an ε-
neighbourhood of suppχC(1,2) for some ε ∈ (0, 1/4), say. Now we may estimate

∥∥〈·〉−α χC(1,2)(·/2j)
∥∥
Hτ,p(Rn)

=
∥∥〈·〉−α ϕ(·/2j)χC(1,2)(·/2j)

∥∥
Hτ,p(Rn)

.
∥∥〈·〉−α ϕ(·/2j)

∥∥
C1(Rn)

∥∥χC(1,2)(·/2j)
∥∥
Hτ,p(Rn)

. 2−αj · 2jn/p,

and since the exponent −α+n/p is negative, the series in question is comparable
to geometric series and converges, as required.
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Proof of Theorem 3.1. We look for a solution of (−∆+V −λ)u = 0 of the form
u = eiζ·x(1 + ψ) where ζ ∈ Cn satisfies ζ · ζ = λ. Now u will be a solution if
and only if ψ satisfies

(−∆+ 2ζ ·D + V )ψ = −V.

We wish to use Propositions 3.3 and 3.4 to solve this equation. Note that

Proposition 3.4 has the assumption r = 2(n+1)
n+3 , which implies that

1

r
− 1

r′
=

2

n+ 1
.

This is consistent with Proposition 3.3, which requires that

1

r
− 1

r′
∈
[

2

n+ 1
,
2

n

)
.

We have chosen r so that 1/r − 1/r′ is as small as possible, in order to arrange
the best power of |Re(ζ)| in the estimates.

Note that one has

(r, r′, 1/r − 1/r′) =

{
(6/5, 6, 2/3) if n = 2,
(4/3, 4, 1/2) if n = 3.

By Proposition 3.4, the function V satisfies the condition in Proposition 3.3
with s replaced by some t < s, where t > 0 if n = 2 and t > 1/4 if n = 3. If
|Re(ζ)| is sufficiently large, we obtain a solution ψ satisfying

‖ψ‖Ht,r′ ≤ C|Re(ζ)|n(1/r−1/r′)−2‖V ‖Ht,r ≤ C|Re(ζ)|−2/(n+1).

We have the Sobolev embedding Ht,r′ ⊂ Lq where q = nr′

n−tr′ > r′ (here we
assume t < n/r′). Thus we have

‖ψ‖Lq ≤ C|Re(ζ)|− 2
n+1 = C|Re(ζ)|−n

q
−δ

where δ = 2
n+1 − n

q = 2
n+1 − n−tr′

r′ > 0 by our assumptions on r′ and t. The
result follows by taking ρ = −iζ.

4 Reduction to Laplace transform

We also need to analyze further the solution v0 in Proposition 2.1. As a solution
of (−∆ − λ)v0 = 0 in Rn, v0 is real-analytic and has a Taylor series at the
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origin. If v0 is nonzero, the Taylor series is not identically zero. Assume that
the first nonvanishing term has degree N , and denote by H(x) the homogeneous
polynomial of all terms of degree N . Thus

v0(x) = H(x) +R(x), |R(x)| ≤ C|x|N+1,

for x near the origin. The next observation is [BPS14, Lemma 3.4].

Lemma 4.1. If v0 ∈ B∗ is a nontrivial solution of (−∆ − λ)v0 = 0, then
the lowest degree nonvanishing terms H in the Taylor expansion of v0 form a
harmonic homogeneous polynomial in Rn.

The main point in this section is the following result, proved by using the
solutions of Theorem 3.1 in Proposition 2.1. This result implies that whenever
λ is a non-scattering energy, then the Laplace transform of χCH vanishes in a
certain complex manifold.

Proposition 4.2. Let λ > 0, let n ∈ {2, 3}, and let V (x) = χC(x)ϕ(x) where
ϕ ∈ 〈·〉−α Cs(Rn) is superexponentially decaying with α > 5/3 and s > 0 for
n = 2 (resp. α > 9/4 and s > 1/4 for n = 3), ϕ(0) 6= 0, and C ⊂ Rn is a
closed circular cone opening in direction en with angle < π having vertex at the
origin. Let U be a neighborhood of en in Sn−1 such that e−τω·x is exponentially
decaying in C whenever τ > 0 and ω ∈ U .

Assume that λ is a non-scattering energy for V , let v0 be the solution in
Proposition 2.1, and write v0 = H + R where H is a harmonic homogeneous
polynomial of degree N as in Lemma 4.1. Then

∫

C

e−ρ·xH(x) dx = 0, ρ ∈W0,

where Wλ is the set of all ρ ∈ Cn of the form

ρ = ρ(τ, ω, ω′) = τω + i(τ2 + λ)1/2ω′

and where the parameters satisfy

τ > M, ω ∈ U, ω′ ∈ Sn−1 with ω · ω′ = 0

for some sufficiently large M .

Notation: All implicit constants below are allowed to depend on all the
parameters except for ρ.
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Proof. Let ρ ∈ Wλ. Theorem 3.1 guarantees the existence of a CGO solution
u = e−ρ·x (1 + ψ), where ψ depends on ρ, with

∥∥ψ
∥∥
Lq(Rn)

.
1

|ρ|c ,

where q = 2(n+1)/(n−1) and c = n(n−1)/2(n+1)+δ for some small δ ∈ R+.
To simplify notation, we assume, as we may, that δ < s. We also remark that
(V (x)− 1) /(|x|s) is bounded in C, where for simplicity we have assumed that
ϕ(0) = 1.

We define F (ρ) to be the Laplace transform

F (ρ) :=

∫

C

e−ρ·xH(x) dx, Re(ρ) ∈ U.

Our goal is to prove that

F (ρ) = 0, ρ ∈W0. (4.1)

To do this, we observe that Proposition 2.1 yields
∫

Rn

V e−ρ·x(1 + ψ)(H +R) dx = 0, ρ ∈Wλ,

which can be rewritten as

F (ρ) = −
∫

C

e−ρ·x
[
(V − 1)H + V (R+ ψ(H +R))

]
dx, ρ ∈Wλ. (4.2)

By the homogeneity of H(x) and using that C is a cone, the left hand side
satisfies

F (ρ) = |ρ|−N−n
F (ρ/|ρ|).

For the right hand side, we claim that for all ρ ∈Wλ one has
∣∣∣∣
∫

C

e−ρ·x
[
(V − 1)H + V (R+ ψ(H +R))

]
dx

∣∣∣∣ . |ρ|−N−n−δ
. (4.3)

Assuming that (4.3) holds, (4.2) implies

F

(
ρ

|ρ|

)
. |ρ|−δ ,

which holds for ρ ∈Wλ, and more precisely,

F

(
τω√

2τ2 + λ
+
iω′√τ2 + λ√

2τ2 + λ

)
.
(√

2τ2 + λ
)−δ

. τ−δ

79



for τ ≫ 1, ω ∈ U and ω′ ∈ Sn−1 with ω′ ⊥ ω. Now, taking τ −→ ∞ gives

F

(
ω√
2
+
iω′
√
2

)
= 0,

which holds for all ω ∈ U and all ω′ ∈ Sn−1 with ω ⊥ ω′. By homogeneity we
have

F (tω + itω′) = 0

for all t ∈ R+, ω ∈ U and ω′ ∈ Sn−1 with ω ⊥ ω′, which proves (4.1) as required.

It remains to show (4.3). We shall split the left hand side of (4.3) into many
integrals which are easier to estimate. The following is essentially Lemma 3.6
from [BPS14].

Lemma 4.3. Let R : Rn \ {0} −→ C be a continuous homogeneous function
of degree N , and let e−Re(ρ)·x be exponentially decaying in C. Then, for any
f ∈ Lq(Rn), where q ∈ [1,∞), we have

∫

C

e−ρ·xR(x)f(x) dx . |ρ|n/q−N−n ∥∥e−(ρ/|ρ|)·xR
∥∥
Lq′ (Rn)

∥∥f
∥∥
Lq(Rn)

.

This follows immediately from the change of variables y = x/ |ρ| and Hölder’s
inequality.

First we observe that, by Hölder’s inequality,

∫

C\B(0,ε)

e−ρ·x (1 + ψ(x))V (x) v0(x) dx

. e−εd|ρ|
(∥∥V v0

∥∥
L1(Rn)

+
∥∥ψ
∥∥
Lq(Rn)

∥∥V v0
∥∥
Lq′ (Rn)

)
. e−εd|ρ|,

where d is some suitably small positive real constant. We also have

∫

C\B(0,ε)

e−ρ·xH(x) dx . e−εd|ρ|.

Also, Lemma 4.3 gives, observing that n(n − 1)/2(n + 1) − c = −δ, the
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estimates
∫

C∩B(0,ε)

e−ρ·xH(x) (V (x)− 1) dx

=

∫

C∩B(0,ε)

e−ρ·xH(x) |x|s V (x)− 1

|x|s dx . |ρ|−N−n−s
,

∫

C∩B(0,ε)

e−ρ·x ψ(x)V (x)H(x) dx . |ρ|−N−n−δ
,

∫

C∩B(0,ε)

e−ρ·x ψ(x)V (x)O(|x|N+1
) dx . |ρ|−N−n−1−δ

, and

∫

C∩B(0,ε)

e−ρ·x V (x)O(|x|N+1
) dx . |ρ|−N−n−1

.

Combining the above estimates gives the desired claim (4.3).

5 The two-dimensional case

We now restrict our attention to the two-dimensional case and prove Theorem
1.1. Assume for the sake of contradiction that λ > 0 is a non-scattering energy
for a potential V as in Theorem 1.1. By Proposition 4.2, this implies the van-
ishing of the following Laplace transform for a nonzero homogeneous harmonic
polynomial H of degree N ,

∫

C

e−(ω+iω′)·xH(x) dx = 0

for all ω ∈ U where U is an open subset of the unit circle S1, and for all ω′ ∈ S1

is such that ω ⊥ ω′. Since we are in two dimensions, H must be of the form

H(x) = a (x1 + ix2)
N + b (x1 − ix2)

N

for some constants a and b, when N > 0. If N = 0, then H(x) will be just a
constant a. The goal is to prove that a = b = 0, which will contradict the fact
that H is nonzero and will prove Theorem 1.1.

First we introduce some notation. For simplicity, we assume that the cone
C opens in direction e1 instead of e2 as in Proposition 4.2. We shall write S for
the arc S1 ∩ C, and I for the interval [−L/2, L/2] parametrizing S under the
mapping r 7−→ eir : (−π, π] −→ S1. Here L ∈ (0, π) is the opening angle of the
sector C. Now we can take U to be the arc of S1 corresponding, in the same
coordinates, to the interval (−π/2 + L/2, π/2− L/2).
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In polar coordinates, we have

∫

S

∫ ∞

0

e−(ω+iω′)·ϑ r rN+1 drH(ϑ) dϑ = 0.

We wish to rewrite the r-integral. Let α ∈ C have a positive real part (we will
take α = (ω + iω′) · ϑ). Then, by Cauchy’s integral theorem, as the integrand
is exponentially decaying in the right half-plane of the complex plane, we can
rotate the path of integration from the half-ray {αr | r ∈ R+} to R+ giving

∫ ∞

0

e−αr (αr)N+1
αdr =

∫ ∞

0

e−r rN+1 dr = Γ(N + 2) = (N + 1)!.

Thus we obtain ∫

S

((ω + iω′) · ϑ)−N−2
H(ϑ) dϑ = 0.

With the parametrization ω = eiϕ and ϑ = eiψ, we can compute

(ω + iω′) · ϑ =

[
cosϕ∓ i sinϕ
sinϕ± i cosϕ

]
·
[

cosψ
sinψ

]
=

[
e∓iϕ

±ie∓iϕ
]
·
[

cosψ
sinψ

]

= e∓iϕ (cosψ ± i sinψ) = e∓iϕe±iψ = e∓i(ϕ−ψ) = e±i(ψ−ϕ).

Thus, the expression involving ω and ω′ factors nicely and the variables ϕ and
ψ become separated.

In the case N = 0 we then have

a

∫

S

e∓i2ψdx = 0,

or more simply

a χ̂I(±2) = 0.

The Fourier coefficient is easy to compute and we get

a sinL = 0,

and so we must have H(x) ≡ a = 0.

When N > 0 we get

∫

S

e∓i(N+2)ψ
(
aeiNψ + be−iNψ

)
dψ = 0.
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This leads to the pair of equations

{
a
∫ L/2
−L/2 e

−2iψ dψ +b
∫ L/2
−L/2 e

−i(2N+2)ψ dψ = 0,

a
∫ L/2
−L/2 e

i(2N+2)ψ dψ +b
∫ L/2
−L/2 e

2iψ dψ = 0.

In terms of Fourier coefficients this reads
{
a χ̂I(2) +b χ̂I(2N + 2) = 0,
a χ̂I(2N + 2) +b χ̂I(2) = 0,

where we have used the fact that χI is even. This is a homogeneous linear
system of equations for a and b, and if the determinant of the coefficient matrix
is nonzero, then we must have a = b = 0. The determinant can vanish only if

χ̂I(2) = ±χ̂I(2N + 2).

The Fourier coefficients of χI are easy to compute, and the vanishing of the
determinant simplifies to

sinL = ± 1

N + 1
sin ((N + 1)L) .

It is now straightforward to check that this equation has no solutions L in
the interval (0, π). The derivative

d

dL

(
sinL∓ 1

N + 1
sin ((N + 1)L)

)
= cosL∓ cos ((N + 1)L)

is clearly positive when 0 < L < π/(N + 1). When

L ∈ [π/(N + 1), Nπ/(N + 1)] ,

we clearly have

sinL >
1

N + 1
≥ 1

N + 1
sin ((N + 1)L) .

Finally, the case where L belongs to (Nπ/(N + 1), π) reduces to the case where
L belongs to (0, π/(N + 1)) by the change of variables L 7−→ π − L.

6 The three-dimensional case

By the same argument as in the beginning of Section 5, the proof of Theorem
1.2 reduces to showing the following result.
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Lemma 6.1. Let n = 3, and let Sγ = {x ∈ Sn−1 ; xn > cos γ} be a spherical
cap where 0 < γ < π/2 . There is a countable subset E ⊂ (0, π/2) such that for
any γ ∈ (0, π/2) \ E, the condition

∫

Sγ

((en + iη) · x)−N−nH(x) dx = 0, η ∈ Sn−1, η · en = 0,

implies that H ≡ 0 whenever H is a spherical harmonic on Sn−1 of degree N .

To prepare for the proof, write x = ((sinα)ω′, cosα) where ω′ ∈ Sn−2.
Writing also η = (η′, 0) where η′ ∈ Sn−2, the integral becomes

∫

Sγ

((en + iη) · x)−N−nH(x) dx

=

∫ γ

0

∫

Sn−2

(cosα+ i(sinα)η′ · ω′)−N−nH((sinα)ω′, cosα) sinn−2 αdω′ dα.

Let {Y N1 , . . . , Y Nr } be some basis of spherical harmonics of degree N where
r = rN , and write H =

∑r
j=1 ajY

N
j . It is convenient to rephrase this in terms

of rotation matrices: we write η′ = Re1 where R is a rotation matrix, that is,
R ∈ SO(n− 1). The condition in Lemma 6.1 then becomes

r∑

j=1

ajf
N
j (γ;R) = 0, R ∈ SO(n− 1), (6.1)

where

fNj (γ;R) :=
∫ γ

0

∫

Sn−2

(cosα+ i(sinα)ω′
1)

−N−nY Nj ((sinα)Rω′, cosα) sinn−2 αdω′ dα.

Here we have changed variables ω′ 7→ Rω′ in the integral (note that this uses
the fact that Sγ is a spherical cap).

The next result together with an analyticity argument will imply Lemma
6.1.

Lemma 6.2. Assume that n = 3. For any N ≥ 0, there exists a basis
{Y N1 , . . . , Y Nr } of spherical harmonics of degree N and there exist rotation ma-
trices R1, . . . , Rr ∈ SO(n− 1) such that the function

gN : (0, π/2) → C, gN (γ) := det
[
(fj(γ;Rk))

r
j,k=1

]

is not identically zero.
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Proof. Assume that n = 3. In this case there is an explicit basis of spherical
harmonics of degree N given by

Y Nj ((sinα)ω′, cosα) = P
|j|
N (cosα)eijβ , −N ≤ j ≤ N

where PmN are associated Legendre polynomials and ω′ = (cosβ, sinβ). (As is
customary, we index the basis by −N ≤ j ≤ N instead of 1 ≤ j ≤ 2N +1.) Let
Rk be the rotation in S1 by angle θk. Then

Y Nj ((sinα)Rkω
′, cosα) = eijθkY Nj ((sinα)ω′, cosα).

This implies that
fNj (γ;Rk) = eijθkfj(γ)

where fj(γ) := fNj (γ; Id), and

gN (γ) = f1(γ) · · · fr(γ) det
[
(eijθk)Nj,k=−N

]
.

The last determinant is of Vandermonde type. We choose the rotations so that
eiθk 6= eiθl for k 6= l, and then the last determinant is nonzero.

To show that gN (γ) is not identically zero, we need to demonstrate that
there is some γ ∈ (0, π/2) such that the product f1(γ) · · · fr(γ) is nonzero. We
first prove that none of the functions fj is identically zero in (0, π/2). Now

fj(γ) = ∫ γ

0

∫

S1

(cosα+ i(sinα)ω′
1)

−N−nY Nj ((sinα)ω′, cosα) sinαdω′ dα.

Each fj extends analytically near [0, π/2), and its derivative satisfies

f ′j(γ) = sin γ

∫

S1

(cos γ + i(sin γ)ω′
1)

−N−nY Nj ((sin γ)ω′, cos γ) dω′.

Inserting the explicit form for Y Nj we get

f ′j(γ) = P
|j|
N (cos γ) sin γ

∫ 2π

0

(cos γ + i sin γ cosβ)−N−neijβ dβ.

It is enough to show that the function γ 7→
∫ 2π

0
· · · dβ is not identically zero.

For j = 0 this follows just by taking γ = 0, and for j 6= 0 the result follows
by differentiating |j| times with respect to γ and taking γ = 0. More precisely,
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writing p = cos γ+ i sin γ cosβ and p′ = dp/dγ = − sin γ+ i cos γ cosβ, the |j|th
derivative of the integral has the form

∫ 2π

0

ν0(p
′)|j| + ν1p(p

′)|j|−1 + . . .+ ν|j|p
|j|

pN+n+|j| eijβ dβ,

for some constants ν0, ν1, . . . , ν|j| ∈ C, and in particular, the coefficient ν0 is

ν0 = ±(N + n)(N + n+ 1) · · · (N + n+ |j| − 1) 6= 0.

At γ = 0, we have p = 1 and p′ = i cosβ, and the integral simplifies to

∫ 2π

0

(
ν′0 cos

|j| β + ν′1 cos
|j|−1 β + . . .+ ν′|j|

)
eijβ dβ,

where the coefficients ν′0, ν
′
1, . . . are the same coefficients as before except for

the obvious powers of i. Writing the cosines in terms of exponentials, there will
be exactly one term which resonates with eijβ , namely the exponential e−ijβ

coming from cos|j| β, and its coefficient is nonzero. Thus the |j|th derivative of∫ 2π

0
. . . dβ at γ = 0 is nonzero, and as an analytic function of γ, the integral can

not be identically zero.

We have proved that each fj is not identically zero, and since fj extends
analytically near [0, π/2) it is nonvanishing in (0, π/2) \ Ej for some countable
discrete subset Ej ⊂ (0, π/2). Then f1 · · · fr is nonvanishing in (0, π/2) \ E
where E = ∪rj=1Ej is a countable set.

Proof of Lemma 6.1. Each function γ 7→ fNj (γ,R) extends as an analytic func-
tion in some neighborhood of the interval [0, π/2) in the complex plane, and
the same is true for the functions gN in Lemma 6.2. For each N , by Lemma
6.2 we can choose Y Nj and Rj such that gN is analytic in some neighborhood

UN of [0, π/2) and gN |(0,π/2) is not identically zero. By analyticity the set
EN = {z ∈ UN ; gN (z) = 0} is countable and discrete in UN .

Define

E =

∞⋃

N=0

(EN ∩ (0, π/2)).

Then E is a countable subset of (0, π/2), and each gN is nonvanishing in
(0, π/2) \ E.

Assume now that γ ∈ (0, π/2) \ E, let N ≥ 0, and let H be a spherical
harmonic of degree N such that the condition in Lemma 6.1 holds. Writing
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H =
∑r
j=1 ajY

N
j where Y Nj and Rj were chosen above, by (6.1) we have

r∑

j=1

ajf
N
j (γ;Rk) = 0, k = 1, . . . , r.

But gN (γ) 6= 0 so the matrix (fNj (γ;Rk))
r
j,k=1 is invertible, which implies that

aj = 0 for j = 1, . . . , r. This proves that H ≡ 0.
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